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Abstract: Hybrid-NLIE equations, an alternative finite NLIE description for the spectral 
problem of the super sigma model of AdS/CFT and its 7-deformations are derived by 
replacing the semi-infinite SU(2) and SU(4) parts of the AdS/CFT TBA equations by a few 
appropriately chosen complex NLIE variables, which are coupled among themselves and to 
the Y-functions associated to the remaining central nodes of the TBA diagram. The integral 
equations are written explicitly for the ground state of the 7-deformed system. We linearize 
these NLIE equations, analytically calculate the first correction to the asymptotic solution 
and find agreement with analogous results coming from the original TBA formalism. Our 
equations differ substantially from the recently published finite FiNLIE formulation of the 
spectral problem. 
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1. Introduction 



One of the most important problems in testing the AdS/CFT correspondence Q in the 
planar limit is to determine the finite size spectrum of the AdS^ x superstring sigma 
model [||. After integrability was discovered in the string worldsheet theory, the mirror 
Thermodynamic Bethe Ansatz (TBA) technique was proposed Q to determine nonper- 
turbatively the spectrum of the string theory. The TBA equations for AdS/CFT were first 
derived for the ground state §|, 0, and then using an analytic continuation trick [10| 
TBA equations were conjectured for magnon excited states |0, |l2|, 13 1 and bound states 
1 14] in the 5((2) and su(2) sectors of the theory. The Y-system (and T-system) associated 
to the AdS/CFT problem were proposed first in |15] and were later derived from the mirror 
TBA equations. 

Analogous progress has been made for the deformed, but still integrable cousins of 
the superstring sigma model |1€, 17, 18, |l^, 21, 20|. An important integrability preserving 
deformation is the so-called 7-deformed theory |^] which has three deformation parame- 
ters. The implementation of the deformations in the integrable context p^. 
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led to the TBA formulation of the finite size problem in the deformed theory [^]. An 
important property of the 7-deformed theory is that since supersymmetry is not preserved, 
unlike in the undeformed case, the ground state energy is non-vanishing. Recently the 
most general integrable deformations (obtained by orbifolding and TsT-transforming the 
original string sigma model) were found and the corresponding TBA system was proposed. 

In the undeformed theory the correctness of the (conjectured) TBA equations has been 
nicely demonstrated by the convincing agreement with gauge theory results [^, [ 
in the weak coupling limit |jl5|, 33, U, |l^ through the generalized Liischer approach ||3^, 36 
37, 38, |3^, and with string theory results in the strong coupling limit [11, |4^, 41, 43 1. 



In the 7-deformed theory the TBA and Y-system has been checked ^] in the large 
volume and small coupling regimes against 1st [36| and 2nd [27| order Liischer formulae 
and direct field theory computations |44]. 

In spite of the success of the TBA technique in AdS/CFT, it has some obvious dis- 
advantages as well. First of all, like all the TBA equations of known sigma-models it 
contains infinitely many unknown functions, which makes the study of their properties, 
both analytically and numerically, difficult. 

A possible way to give a simpler and finite formulation of the spectral problem of an 
integrable model is the so-called NLIE formulation, where only a few unknown functions 
appear in the resulting set of nonlinear integral equations. 

The NLIE approach for finite size physics of integrable models originates from the paper 
p5[ |, where it was discovered that the basic objects of the integrable structure like T- and 
Q-functions, their functional relations and analytic properties in the complex rapidity plane 
allow one to set up, though in a non- unique and non-trivial way, a compact set of non-linear 
integral equations that governs the finite size spectrum of the theory. Later this method 
has been developed further and extended to describe lattice models 47, 49, 51 1 
and quantum field theories |52, 54, 55, 56, 57, 58, 59| as well. 
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In the case of quantum field theories the basic starting point for the NLIE approach 
is the reformulation of the TBA equations through functional relations |^]. It is known 
that the infinite Y-system can be rephrased as a T-system, a set of discrete Hirota equa- 
tions, which can be solved in terms of a few Q-functions. This offers the possibility to 
replace the infinite set of TBA variables by a finite set of only a few variables. In order to 
transform the functional relations into integral equations the analyticity properties of the 
Y, T, and Q-functions must be known. In AdS/CFT the analyticity part of the problem is 
more complicated than it is in the previously elaborated relativistically invariant examples 



1 52, 53, 54, 57, |59|, 58 1 since Y- functions are defined on an infinite genus Riemann 

surface, such that the physical and mirror sheets are not equivalent and Y-functions sat- 
isfy non-trivial discontinuity relations on the mirror sheet |p3[. This is responsible for the 



non-local properties of the mirror TBA. However it is possible to bring the TBA equa- 



tions into a quasi- local form [34| which contains only next to nearest neighbor interactions 



among Y-functions opening the way to apply techniques worked out for relativistic models 



|53, |53|, ^, |55|, ^ |57|, ^ |58[|. 

Recently it has been shown that there exists a "magic" sheet with short cuts where the 
T-functions have very simple discontinuity structure and they admit a Z4 symmetry which 
supplemented by analyticity requirements dictated by the asymptotic solution and group- 
theoretical constraints allows one to derive both the mirror TBA and its simplified finite 
reformulation FiNLIE |61| as well. This was the first finite reformulation of the AdS/CFT 



spectral problem. In [Sl| left-right symmetric states (5[(2) or su(2) states) were considered 
and the 3 unknowns of the FiNLIE are discontinuities of two T-functions along short cuts 
in the "magic" sheet and the discontinuity of a certain gauge transformation along the real 
axis and they encode all information on the T- and Y-systems of the AdS/CFT. 

In this paper we will give another finite reformulation of the spectral problem, but 



remaining on the mirror sheet. We follow the approach of the very first NLIE paper |45|, 
where the basic objects of the integrable structure like T- and Q-functions are used to build 
the NLIE unknowns and where the functional relations they satisfy and their analyticity 
properties determine the actual form of the NLIE. Our approach may be called hybrid- 
NLIE, since by appropriate NLIEs we resum the semi-infinite SU(2) and SU(4) parts of the 
mirror TBA equations. This approach was initiated in [^6| by resumming the two SU(2) 
wings similarly as it had been done in the case of the SU(2) related relativistic models 



1 53, 54, 56, ^7j. The basic idea of the construction as follows. 

The set of Y-functions appearing in the AdS/CFT spectral problem can be naturally 
grouped into four subsets (see Figure 1): 

• right-wing nodes: Y^'l^ for m > 2. 

^ ^ m\w — 

• left-wing nodes: , ^ for m > 2. 

° m\w — 

• upper nodes: Y^^^ for m > 2 and Yq for Q > 3. 

• central nodes: Fi, ^2, and yi^\ 

X) ^' l\w ' l\vw ± 
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Figure 1: Division of the AdS/CFT Y-system into rigiit-wing, left-wing, upper and central nodes. 



The first step |]66[ of the construction of the hybrid-NLIE is to replace the right-wing 
SU(2) type nodes by a complex NLIE variable coupled to itself and to the central nodes^. 
The coupling of the central nodes to ^2^|^^ replaced by coupling to the NLIE variable. 
Similar considerations apply to the left-wing part of the problem. 

The second step is to replace the Y-functions corresponding to the upper SU(4) type 
nodes by 12 NLIE functions. These are coupled to themselves as well as to the 1st row 
of upper nodes {Y3,Y^^^) while the 1st row of the upper nodes are coupled to the central 
nodes and the upper NLIE functions. 

Thus we can we replace the semi-infinite SU(2) and SU(4) parts of the TBA diagram 
by two SU(2) and an SU(4) type relativistic NLIEs which are sewn together by the quasi- 
local TBA equations for the central nodes. We call the final equations hybrid-NLIE for 
AdS/CFT. Though we have more unknown functions than in [^l|, our NLIE equations 
are based on the Backlund transformations of the corresponding T-system and can be 
straightforwardly generalized to a wide range of relativistically invariant integrable models. 
In this paper we will complete the derivation of our equations only for the ground state, 
but in order to get non-trivial results, in the 7-deformed AdS/CFT model, because in this 
case the ground state solution of the Y-system is non-trivial and the ground state equations 
can be checked by analytical computations using the 2nd order Liischer formula [27|. 

Though at the level of equations we concentrate on the ground state, all our consider- 
ations concerning the analyticity properties and the construction of NLIE unknowns given 
in sections 4-6 are general and valid for excited states of the model as well. 

The paper is organized as follows: in section 2 we give our starting point by recalling the 
quasi-local form of the TBA equations. In section 3 we review the Backlund transformations 
and analyticity strips which form the basis of the construction of our variables. In section 4 



^Note that a resummation of the horizontal nodes, similarly to what is used for the FiNLIE, was already 
proposed in [pT]. 
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we construct the NLIE functions and the functional relations they satisfy. In section 5 the 
asymptotic solution is given at all levels of the nesting for the upper nodes and in section 6 
the NLIE construction for the horizontal part is given. Section 7 contains the derivation 
of the SU(2) and SU(4) type NLIEs. In section 8 we linearize our NLIE equations for 
the 7-deformed ground state, analytically calculate the first correction to the asymptotic 
solution and show the agreement with analogous results coming from the original TBA 
formalism. In section 9 we summarize our results by collecting all NLIE equations for the 
description of the 7-deformed ground state. Appendix A contains our basic notations and 
the kernels of the TBA. We collected the basic building blocks of the asymptotic solution 
in appendix B. The paper is closed by appendix C where the kernels of the SU(4) type 
NLIE are listed. 



2. Quasi-local twisted TBA 

In this section we review the quasi-local form of the mirror TBA for the three parameter 7- 



deformed AdS/CFT theories [|l^, 17, 19, Contrary to the undeformed or /3-deformed 
theories, in the most general case no supersymmetry is preserved and the ground state 
energy is non-zero. This allows us to test our ideas on the ground state equations directly. 
For this reason and for the sake of simplicity at the level of equations we will restrict our 
attention to the ground state of the model though as it has already been mentioned in the 
introduction all of our equations can be extended to excited states without difficulties. 

At the level of the worldsheet scattering theory the 7-deformation can be implemented 
in two ways: either imposing operatorial (particle number dependent) twisted boundary 



conditions [25|, or by imposing a (c- number) twisted boundary condition and considering 



a twisted scattering matrix for the excitations |26|| . 

The ground state TBA equations of the 7-deformed theory have been derived in |27| 
and it was found that the twist parameters enter the so-called canonical version of the 
equations as if they were Y-system preserving chemical potentials in the undeformed theory 
||6^ , P . Thus the Y-system for the 7-deformed theory is identical to that of the undeformed 
theory. On the other hand the twist parameters cancel from the simplified version of the 
twisted TBA and they re-appear as parameters of the boundary conditions imposed on 
the Y-functions at large u. These canonical and simplified twisted TBA equations can be 
reformulated in a quasi- local form |64] which we review now for the ground state. 



The quasi-local formulation of the mirror TBA is possible since all kernels ICq = 
ICq{u,v) entering the TBA equations satisfy the important identity: 

/Cq - s*(/Cq_i + /Cq+i) = J/Cq, /Co = 0, (5 = 1,2,... (2.1) 

with SICq vanishing with the exception of a few values of the index Q. Explicit formulas 
are given at the end of appendix A. In order to compactly present the quasi-local TBA 
equations we introduce the notations: 

LQ = ln(l + yQ), 7^Q = ln(^l + ^^ g = i,2,... 
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ijW = In 



1 - Y_ 



(a) 



m=l,2,..., a = ± (2.2) 



1-Y 



(a) 



a = ±. 



Next we introduce the linear functional^ of the vector kernel ICq with the definition: 
^{fCq) =72.2 * {SJC2 + 2si/2 * SJC2) + 72.2 * ai/2 ★ /Ci — 7?.i * cri/2 * K.2 

+ ( ^i"^ * ^1/2 * + * Si/2 * /Ci - * Si/2 * /C2) . ^^-^^ 



a=± 



We use the kernels 



s{u) 



9 



4 cosh 



siMu) = (I 



<7"l/2('") = 



cosh 



-KQU 



2^/2 cosh ^ ' 



(2.4) 



and * and ★ denote convolutions running on M and [—2, 2] C M respectively. See appendix A. 

The quasi-local TBA equations for the ground state are composed of two groups of 
equations. Equations in the first group follow from the Y-system relations, they are local 
and their form is the same as in the simplified version of the equations: 



Y 



m\vw 

(a) 



l\vw 



Y 



(a) 



l\w 



exp l^ln 

exp ^In 
exp I In 
exp < In 



M+yH )(i + y(°) ) 

^ m+^vw'^ m—l\vw' 



(1 + Wl) 



★ S 



m>2, 



{l + Y, 



(a) 



2\vw' 



s + In 



1-Y 



(ay 



1-Y 



(a) 



★ S 



{I + Y2) 

(1 + y^l, )(i + y^"\i )\*s}, m>2, 



1 + Y 



2\w 



* s + In 



"1 - 


1 -1 

y(") 




1 - 


1 







(2.5) 

(2.6) 
(2.7) 
(2.8) 



Yq = exp < In 



YQ^iYQ_,{l + Y^t{^^J{l + Y^-_\ 



l\vw' 



★ sV, Q>2. (2.9) 



Y^-:_\\,^Y^Z\\,J1 + Yq+^){1 + Yq_,) 

The second group consists of quasi-local (next to nearest neighbor interacting) central node 
equations and they take the form: 



Y 



(a) 



Y 



(a) 



exp {-Ll ★ Kly - Q{KQy)} , 



(2.10) 



yWyH = exp i 2 In 





l\vw 


|21n 


1 + y}"^ 

l\w 





★ s + Ll ★ [-Ki + 2Kll * s] 



(2.11) 



-J7(Kq) + 2 0(K,Q;*s)L 



The expression Q,{1Cq) = Yl in the non-local versions of the mirror TBA. 

0=1 
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1 - K 
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(2.12) 



These equations are parameter-free, but the 7-deformation parameters enter the conditions 
determining the asymptotic large u behavior of Y-functions: 



(a) 



Y 



and 



m{m + 2), Y 



(+) 



Y_ 



(+) 



[m + 2] 
2 



9' 



(-) 



m\w 



m . 



[m + 2] 



9' 



m 



Y 



{-) 



± 



2 



1,2,... 
(2.13) 

(2.14) 



where [m]q denotes the g- number [m]q = — 
boundary conditions in the description of 



They correspond to the (c-number) 



% E6| and they are expressed by the deforma- 

■73+72 r -73^72 r 

tion parameters of the 7-deformed theory as fohows: q = e* 2 , q = e* 2 . The 
parameter 71 does not enter the ground state equations since it corresponds to the twist 
parameter of the S-matrix. 

To complete the quasi-local TBA description of the 7-deformed AdS/CFT we should 
supplement the integral equations (2.5- 2.1^ ) with the energy formula. In the quasi- local 
description the energy expression is a function of the central nodes only: 

S =Li ★ Ji (7^2 -n°2 + LI) * 0-1/2 *Ji- (^1 -1^1 + LI) ★ cri/2 ★ J2 



+ E ('i' 



„{")o\ 



1/2 



(2.15) 



where we introduced the notation Jq{u) = and the upper index ° means that the 

corresponding expression should be taken at the asymptotic solution. This representation 



is necessary for all integrals in ( 2.15 ) to converge. In the 7-deformed model the asymptotic 
solutions are identical with the large u limits for Y-functions appearing in ( 2.13| ), (|2.14| ) 
while the asymptotic solution for the momentum carrying nodes takes the form 

yQ°~(2-[2y(2-[2]^)Q2e-^^Q. (2.16) 

The quasi-local TBA equations presented in this section are the starting point for our 
NLIE description. We will transform the semi-infinite set of TBA equations ( |2.7D and ( p.5| ) , 
( |2.9| ) to NLIE equations of SU(2) and SU(4) type, respectively by (the nested hierarchy 
of) Backlund transformations. This is described in the next sections. 



3. Hierarchy of Backlund transformations and analyticity strips 

In this paper we will denote the AdS/CFT Y-functions in the index conventions^ of |l^ by 
ya,s and the corresponding T-system elements by ta^s- They satisfy the usual Y-T relations 



ya,s 



ta,s+l ta.s— 1 
ta+l,s ^a—l,s 



(3.1) 



'The precise relation between our Y-functions and those of ref. |l5| is Ya,s(it) = ya.s{ — 2u/g). 
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and the T-system equations 



The T- functions ta^s for s = 0, 1, 2 have been constructed exphcitly in |6^] in a partic- 
ular gauge cahed the BA (Bethe Ansatz) gauge. It was found that their analytic properties 
can be summarized as: 

ta^o is of type (—1 — a, a + 1), a > 1, 

ta^i is of type {—a, a), a > 1, 

ta^2 is of type (1 — a, a — 1), a > 2. 
A function f{u) is called of type {c,d) if it is meromorphic in the strip c/g < Imu < d/g. 

We can extend the above solution of T-functions for s = —1, —2 by the Y-T relations 
(3.1). Using the fact that ya,o = Ya is of type (—a, a) and the relation 

t.,-1 = y.,0 (3.3) 

we see that 

ta-i is of type (—a, a), a > 1, 
and similarly from 

, ta+1,-1 ta-1,-1 , 

ta -2 = Ya -1 — ■ (3.4) 

and using the fact that ya,-i = ^a-iyuw tyP^ (1 — a, a — 1) we find that 
ta,~2 is of type (1 — a, a — 1), a > 2. 

The AdS/CFT T-system satisfies the boundary condition ta,±3 = 0, a > 3 and hence 
the boundary T-functions ta^±2, a > 2 are solutions of the discrete Laplace equation. These 
are parametrized by the four functions A, B, C and D: 



A^"^ B^-''\ ta,-2 = V^'"^. (3.5) 



This implies 



B^-^K B = ^, (3.6) 



<2 " ^ " B 



A=^, (3.7) 



Ca+1,-2 



+ D=^, (3.8) 

<-2 ^+ 

^a-2 ^ 

Prom (|3.6| ) we obtain that i? is of type (—2a, —2) and since this is true for any a > 2 
finally we can conclude that B is of type (— oo,— 2). Similarly we find that D is also of 
type (—CO, —2) and A and C are of type (2,oo). 
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3.1 Principal chiral model conventions 

In this paper we will also use an alternative notation for the Y and T-functions corre- 
sponding to the upper nodes (a > 2) of the AdS/CFT TBA diagram. Using this new 
notation this part becomes identical to the corresponding functional relations of an SU(4) 
principal chiral model. In this latter model, for general SU(A;), there are T-functions Ta^s 
o = 0, 1, . . . , A; satisfying the T-system equations 

'^a,s = Ta+l^s Ta-l,s + Ta,s+1 Ta,s-1 (3.10) 

and the boundary conditions 

T_i,, = Tk+i,s = 0. (3.11) 
The mapping of the AdS/CFT T-functions to the SU(4) principal model variables is given 

by 

ta,2 = To^a, ia,l = ^l.a, ^a,0 = T2^a, ^a,-l = Ts.a, ^a,-2 = T^^a (3.12) 

and we can summarize the analytic properties of the T-functions in this notation as 

r4^s and Tq^s are of type (1 — s, s — 1), T^^s and Ti^g are of type (— s, s), 

and T2^s is of type (— 1 — s, s + 1). The principal chiral model Y-T relations are of the same 
form as ( [3.11) : 

rp rp 'Ji-\- rp — 

ya,S — rp rp 1 a,S — ^ n- ya,S — rp rp ) Ci — i , . . . , fi, i. (^O.IOJ 

Note that the identification ( |3.12| ) implies the exchange of the indices a f-)- s and conse- 
quently the relation among the Y-functions is given by 

(3.14) 

3.2 Backlund transformations 

The advantage of using the principal model conventions is that in this language it is easy 
to formulate the hierarchy of Backlund transformations that will play an important role 
in our considerations. In addition, while the SU(4) case is relevant for the upper nodes, 
similar considerations, but for the SU(2) case, are relevant for the right-wing nodes and 
similarly for the left-wing nodes. 

Given a set of T-functions satisfying the T-system equations ( |3.10| ) and boundary 
conditions ( |3.11| ) we can find the set of F-functions, Fa^g, a = 0, . . . , /c — 1 with boundary 
condition 

F-i,s = Fk,s = (3.15) 
by solving the equations [S9| (Backlund transformation) for a = 0,1, . . . ,k — 1 

Ta+l,s+l Fa,s = ^0+1,5 ^a,s+l + '^a.,s Fa+l,s+l, (3.16) 
'^a,s+l = Ta,s + ^a+l,s Fa-l,s+l- (3-17) 
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It can be shown |69] that the F- functions also satisfy the T-system relations ( p.lCl| ) (with 
A; — 1) thus the mapping T — )• F is from a solution of the SU(fc) T-problem to a solution 
of the SV{k — 1) T-problem. Hence it is natural to define the analogs of the Y-functions 
corresponding to the F- functions: 

-L a,s+l ^ a,s — l ^ a,s a,s ^ ; n i o\ 

Wa,s = ^ ^ , Wa,s = I + Wa,s = ^ , O = 1, . . . , fc - 2. (3.18) 

Let us recall that the boundary components satisfy the discrete Laplace equation and can 
be factorized as 

To,, = B^-'\ Tk,s = V^-'^ (3.19) 

and define the ratios 

r+ 

A^^. B = |^, C = £,, « = §^. (3.20) 

Similarly for the F-functions we have 

Fo,s = Ffc_i,, = 7H ^[-^l (3.21) 

and 

a = —, b = ^, c = ^, d=—. 3.22 

It is easy to see from the Backlund transformations ( 3.16| ) and ( |3.17| ) that one of the 
boundary ratios is preserved on both boundary lines: 

a = A, d = D+. (3.23) 

By studying the analytic properties of the T-functions appearing in the Backlund trans- 
formations and assuming maximal possible analyticity (meromorphicity) strips for the re- 
sulting F-functions we find that (s > 2): 

Fo,s is of type (1 - s, s - 1), 

Fi^s is of type (-s,s), 

F2,s is of type (-1 - s, s - 1), 

Fs^s is of type (-s,s - 2). 
The T-system equations are invariant under the gauge transformations 

^a,s ^ ^a,s ~ -^0,5 ^a,s; (3.24) 

where the gauge function is of the form 

A = /|~*~°' f2~"'^ /s""**' f^'^"'^ (3 25) 



The Y-functions defined by (3.13) are gauge invariant and if we define the gauge transfor- 
mation of the F-functions by 

Fa,s — ^ Fa,s = '^a,s Fa,s, (3.26) 

with 

u^a,s = ft'^"^ ft""^ ft""''^ ft""^ (3-27) 
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then also the Backlund transformations remain invariant. Similarly the W- functions de- 
fined by ( |3.18 ) are also gauge invariant. 

We have seen that the properties of the F-functions are very similar to those of the 
T-functions apart from the reduction k — t- k — 1. We can now formulate a Backlund 
transformation starting from the F-functions playing the role of the T-functions and by 
repeating the steps build the chain of Backlund transformations corresponding to 

SU(A:) ^ SU(A: - 1) ^ SU(A: - 2) . . . (3.28) 

(r) 

To unify and simplify the notation we now introduce the family of T-functions Taj 
where r = 1, . . . ,k indicates the Backlund level, the range of the index a is a = 0, . . . , r 
and the boundary conditions are 

T% = 4%^, = 0. (3.29) 

With this notation 

= Ta,s, T^s-'^ = Fa,s (3.30) 

and so on. The boundary factorization can be written as 

and we can identify 

= A, B'-''^ = B, C(^) = C, V^^'^ = V (3.32) 

and 

^('^-i) = a, B^^-^'^ = (3, C^'^-i) = 7, pe^^i) = 6. (3.33) 
Further we define 

AW = 4^, B(-) = 1—, cM = i_^ D(r) = ^L^. (3.34) 
Here 

^(fc) ^ Q{k) ^ Q ^{k) ^ jj{k) ^ (3 

^^=-1) = a, S(^-I) = b, d''-^^ = c, D^^-^'^ = d (3.36) 
and so on. Continuing ( |3.23 ) we have 

j^(k) ^ j^{k-p) ^ j^{k) ^ j^{k-p)[-p] ^ p = 1,...,A;- 1. (3.37) 

Let us also introduce the family of Y-functions using the notation 

2/i:i, yS = ^ + y^% a = l,...,r, (3.38) 
where r = 1, . . . , A: — 1 and 

2/^-^) = ya,s, Vts^^ = Wa,s, (3.39) 
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and so on. 

Returning to the SU(4) special case the analyticity strips of T^^i = Ta^s and ri^i = 
Fa^s are aheady determined above and using the lower level Backlund equations can be 
established also for Ta^] and Ta]] . We find that 
^o,^i is of type (1 - s, s - 1), 
Ti'^I is of type {-s,s- 2), 
^2^1 is of type (-1 - s, s - 3), 
^o,s^ is of type (1 - s, s - 1), 
T-f J is of type (-2 - s, s - 4). 
For the boundary ratios we find that 
^W,yl(3),A(2)^^{i) are of type (2,oo), 

are of type (-oo,-2), 
C(4),C'(3)-,C(2)— ,CW— are of type (2,oo), 

are of type (-oo,-2). 

For completeness we also list the analyticity strips for the Y-functions: 



y{3) 


= is of type (1 


-s,s-l) 


(3) 

y2,s 


= y2,s is of type (- 


s,s), 


(3) 

yU 


= ys^s is of type (1 


- s,s-l) 


(2) 

yU 


= wi^s is of type (1 


— s,s — 1 


(2) 


= W2,s is of type (- 


-s,s-2), 




is of type (1 — s, s - 


-3). 



4. NLIE variables and functional equations 

The gauge invariant Y-functions can be obtained from the T-system equations by dividing 
the equations by one of the terms. Similarly we can form gauge invariant ratios by dividing 
the Backlund equations by one of the three terms. These gauge invariant ratios will be the 
variables in our NLIE equations. 

Using the first Backlund equation ( p. 16 ) we can form the ratios 



ba,s = 7f, ^ , Ba,s = 7f, f, , a = 1, . . . , /c - 1. (4.1) 

a—l,s ^ a,s+l ^ a—l,s -t^ a,s+l 



In terms of these variables the (3.16|) equations simply become 



Ba,s = l + ba,s, a = l,...,k-l. (4.2) 
Similary we obtain from the second Backlund equation ( p. 17 ) 



da,s = - — , Da,s = - — , a = l,...,A;-l. (4.3) 

In terms of these variables the ( |3.171 ) equations simplify to 

Da,s = l + da,s, a = l,...,k-l. (4.4) 
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Since we know the analyticity strips of the T and F-functions we can see that for our SU(4) 

case the NLIE functions are of type: 

61,^: (l-s,s-l), diy. (l-s,s + l), 

b2,s- {-s,s), d2,s: {-s,s), 

bs^s- (-l-s,s-l), dsy. (l-s,s-l). 

Generalizing the definitions ( [1.1[ ) and (4.3) to ah Backlund levels we can introduce the 

corresponding NLIE functions: 



b^l 4% B(:) = l + bQ, Z?M = l + dM, a = l,...,r, r = 1, . . . , A; - 1, (4.5) 
where 



bLs ~ ba,i 



and the analyticity strips are 
6g: il-s,s-l), 
6g: {-s,s-2), 
6g: {l-s,s-3), 



dg: il-s,s-l), 



(4.6) 



(2). 
2,s- 



-s,s-2), 



dY>: il-s,s-3). 



It is easy to verify using the definitions (4.1) and ( [4.3[) that the NLIE functions satisfy the 
functional equations 



ba,sda,s — ^a,si 
dt,sba+l,s = Wa,s+1, 

Ba,s^a,sl^a+l,sK.-l,s = Y'a,s+1, 



a = 1, . . . , /c — 1, 

a = 1, . . . ,k — 2, 
a = 1, . . . ,k — 2, 
a = 1, . . . , k — 1, 



(4.7) 
(4.8) 
(4.9) 
(4.10) 



where 



and 



ba^ 
Br. 



da,s 



a = 1, . . . , A; — 1, j3i 



a = 1, 



.k-l. 



•k,s 



1. 



Again, we can write analogous relations for all Backlund levels: 



(,(r-) j(r) _ -iaM 
"a,s"'a,s ^ a,s i 



(r-l) 



a,s+l ' 



nW^('-)+ _ y(r-l) 

Pa,s-^a,s"a+l,s-"a+l,s ~ -'a,* ) 

nir)- r){r)+ o{r) r{r) _ yir) 



a = 1, . . . ,r, 



a = 1, . . . ,r - 1, 
a = 1, . . . ,r - 1, 
a= l,...,r 



(4.11) 
(4.12) 

(4.13) 
(4.14) 
(4.15) 
(4.16) 



with 



r'a.s 



B. 



(r)' 



a = 1, . . . ,r, 



(4.17) 
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and 



a = 1, , 



5^'^ - 1 



(4.18) 



Using the functional equations (4.13- 4?T^ ) we can extend the analyticity strips for some 
NLIE functions. For example, the relation 



R{3)-r)(3)+/o{3) _ ^(3) 
^l,s ^l,s P2,s — ^l,s+l 



(4.19) 



(3) 

should be valid in the strip (— s, s) and allows us to extend the analyticity strip of b\ i. to 
( — 1 — s,s — 1). Similarly we can make the extensions to: 



(3) 
3,s 
l(2) 

h,s 

j(2) 



(1) 



(1) 



(l-s,s + l), 
-1 -s,s- 1), 
{-s,s), 

-1 - s,s- 3), 
(l-s,s-l). 



Actually, the NLIE functions ^^^d ^^"^ range at all before this extension and 



even more seriously the s = 2 functional equations (|4.15D for r = 2 and a = 1 and ( 4.15 ) for 
r = 1 and a = 1 have no range (even after the extensions). We conclude that our system 
of funcional equations is meaningful for s > 3 only. 

For completeness, we here summarize the extended analyticity strips of our NLIE 
functions: 



.(3) 

1, s 
.(3) 

2, s 

.(3) 
'3,s 

l,s 
.(2) 



(1) 



-1 - s,s - 1) 



-s,s) 

-1 - 
-1 - 

-s, s 



s, s 
s, s 
-2) 



(3) 

'3,s 



d[ 



(2) 



4?: 



(l-s,s + l) 
{-s,s), 
(l-s,s + l) 
(l-s,s-l) 
{-s,s), 

a-s,s-i) 



-1 — s, s — 3), 

We will see that the system of functional equations (4.13-4.16) cannot be translated to 
a closed set of NLIE integral equations. They have to be completed with further relations, 
which we will call the "half-plane" functional relations (because their building blocks have 
good analyticity properties either in the upper or the lower half plane). They can also be 



obtained from the definitions (4T) and (O) and are of the form 



(3 



1-s] 



T, 



'fc-l,s+l 



(4.20) 



While the NLIE functional equations ( p^fjilBD are written in terms of gauge invariant 
variables this is apparently not the case for the half-plane functional equations ( 4.20| ). We 
can however reformulate them such that they contain explicitly gauge invariant combina- 
tions only. To find such a form, we first have to express the T- functions Ta^s, o, = 1, . . . ,k—l 
in terms of the gauge invariant Y-functions and the boundary (factorized) variables Tq.s 
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and Tfc We start by writing the logarithmic derivative of the Y-T relations ( 3.13 ) as 

k-l 

dl T+, + dl - Aab dl = dl Ya,s + Saldl To,s + 5ak-ldl Tk,s, (4.21) 
6=1 

where 

Aab = 6ab+l + Sab-l, O, 6 = 1, . . . , /c - 1 (4.22) 

and we introduce the notation 

MFiu) = ±inF(u) = ^ (4.23) 

for any function F{u). 

Using Fourier transformation techniques, we can calculate the inverse of the linear 
operator appearing on the LHS of the equation ( [4.21 ). We will denote this inverse operator^ 
by Mab and write the solution as 

fc-i 

dl Ta,s = YMab* dl Yb,s + Mai * dl Tq,, + Ma k~i^dlTk,s, a = 1, . . . , A: - 1. (4.24) 
b=i 



( 4.24 ) in this form is valid only up to source terms, i.e. the contribution of pointlike 
singularities within the analyticity (meromorphicity) strips. Using this result, we can 
write (again up to source terms) 

fc-l y+ 

dl = V Mib * dl — ^ - Mil * dl ^[-"1 - Mifc_i * dl + dl b^^^-'l 

(4.25) 



dl 6k-i,s = V M,,„i b * dl - Mk-i 1 * dl - Mfc„i k-i*dl CW + dl cH . 



Using this result, we now write the "half-plane" equations for all (r = 1,2,3) levels of our 
SU(4) problem: 



dipr}=Y.M[lKdl^ + .... 



(4.26) 



(r)- 



di5(;} = Y,M^^^di^ + ..., 

b=l ^b,s+l 

(r) 

where M^^^ a,b = 1, . . . ,r is the r x r matrix kernel at Backlund level r and the dots 
indicate that the equations are valid up to source terms and also terms vanishing (after 
Fourier transformation), similarly to what is explained later before the equations ( |6.21 ) and 
( 6.22 ), for negative and positive frequencies, for the upper and lower equations, respectively. 



*It will be explicitly given in section 7. 
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5. Asymptotic solution of the Backlund hierarchy 

In this section we calculate the asymptotic solution of the whole Backlund hierarchy and 
of the corresponding NLIE variables and lower level Y- functions. All asymptotic functions 
are indicated by an upper index °. The asymptotic hierarchy of Backlund T- functions is 
given by the Bethe Ansatz and we start with recalling the Bethe Ansatz solution for the 
SU(2|2) fat-hook |8|. 

5.1 Bethe Ansatz solution of the SU(2|2) fat-hook 

To construct the hierarchy of T- functions relevant for the upper part of our AdS/CFT 
T-system we will use the solution of the analogous problem for the SU(2|2) fat-hook. We 
will denote this set of T-functions by 

T(''''^)(a,s,u), fc = 0,1,2, m = 0,1,2. (5.1) 

(For a general SU(-fC|M) fat-hook one has A; = 0, . . . -fC, m = 0, . . . , M.) The solution will 
be given [ 38 1 in terms of 9 Q-functions 

g('=''")(u), A;,m = 0,l,2 (5.2) 

listed in appendix These are not all independent, they satisfy a number of quadratic 
QQ-relations [^] . The meaning of these Q-functions is that in terms of these the boundary 
values of the T-functions are given as 

r('='™)(0, s, u) = Q('='™)[-^](u), -oo < s < oo, (5.3) 

r('='™)(a,0,n) = Q('=''")["](n), < a < oo, (5.4) 

T^^^"'\k,s,u) = Q(^'°)[^+'=l(u)Q(°''")[~^-'=](n), m < s < oo, (5.5) 

r(^'™)(a,m,u) = (_l)™{«-^-)Q(fc,0)[a+m](^)g(0,m)[-a-m](^)^ < O < OO. (5.6) 

We also introduce the simplified notation 

r(2'2)(a,s,tt) = r(a,s,n), r(2'i)(a, s, n) = F(a, s, u) (5.7) 

for the most important members of the hierarchy. 

The Backlund transformation we need is similar to (but not identical with) the trans- 
formations of section 3: 

F(a, s + 1, u)T{a — 1, s, u) — F{a — 1, s, u)T{a, s + l,u) 

+ F+{a,s,u)T-{a-l,s + l,u) = 0, ^^'^^ 

—F~{a, s, u)T{a — 1, s, u) + F{a — 1, s, u)T~{a, s, u) 

+ F{a,s-l,u)T-{a-l,s + l,u) = 0. ^^'^^ 

Before this Bethe Ansatz solution can be used for our purposes, we have to go to the (1,1) 
gauge, where the T-functions are equal to unity along the left and lower boundaries of the 
fat-hook. Denoting the (1,1) gauge T-functions by T, the relation between this solution 
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and the asymptotic limit of our T-functions (both in the original conventions and in the 
principal chiral model conventions) is given as 



In particular 



Here 



Q(2.2) 

Introducing the function 



f(0,s,n) = t°,(n) = 1, (5.11) 

f (a, 0, u) = t° o(^^) = TIM = 1, (5.12) 

f(a,l,n) = t:^^{u)=TlM) = ta{u), (5.13) 

f (a,2,u) = tUiu) = TSJu) = ^°W(n)S°[-^l(^)- (5-14) 



(0(2,0)++ 

^° = i^PP^^ fi" = Q(0'2)-. (5.15) 



guTT 



E{u) = e"^, = iE, ^ (5.16) 

and defining 



(5.17) 

the Backlund transformation (|5.8D with s = can be rewritten as 

and the Backlund transformation ( |5.9| ) with s = 1 as 

5.2 Asymptotic solution of the AdS/CFT T-system 

In this subsection we recall the asymptotic solution of the AdS/CFT Y-system and T- 
system, which is given by two (left and right) copies of the SU(2|2) fat-hook. We will use 
the notations of |65]. Let us denote these two copies by 

5 = 0,1,2, X = L,R. (5.20) 

Further definitions and relations are: 

^0,s = ^a,0 = 1) ^a,l = ''^a, ^a^l = ^a, (5-21) 

t^o = A^$B^r\ «>2 (5.22) 



and we also define f3x, 7x for X = L, i? using ( 5.17 ). 

The asymptotic solution for the massive nodes on the AdS/CFT Y-system is given by 



y°a,0 = Vat^^A = VaTaL, (5.23) 
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where the prefactor rja is given in ( B.25 ), ( B.26 ). The prefactor satisfies the discrete Laplace 
equation 

vtVa = Va+lVa-l (% = 1) (5-24) 

and actuaUy it can be written in the form 



Va 



(5.25) 



where tp has cuts along the real axis and is exponentially small, 0(e), in the upper half 
plane and is exponentially large, 0{l/e), in the lower half plane. Thus the ratio ( 5.25| ) is 
C(e^) for —a/g < Imu < a/g. 

The asymptotic solution of the complete AdS/CFT T-system is now constructed as 
follows. The right half of the upper part is 



^a,l — ^a,l — ^a, 
t° — 1 



and using the relation 



we obtain 



and similarly we get 



ya,0 — '^a^fl^a,! 



ta,-l — Va^aA — Va^a 



a\ t-,\-a\ 



Comparing this to (|3.5D we find 



= Ar, = Br, C" = i^+i^-AL, 

and the asymptotic limit of the ratios ( 3^^3.9) are given by 

A° 



A°+ 
A°' 


_ -^li 


= Ar, 


B°- 
J30+ 


Br 
Bl 


= Br, 


















Bl 






Bt 



(5.26) 
(5.27) 
(5.28) 

(5.29) 

(5.30) 
(5.31) 

(5.32) 

(5.33) 
(5.34) 
(5.35) 
(5.36) 



All four functions A° , B° , C° , D° have cuts at ziz2i/g. For completeness we record that in 
the principal chiral model conventions 



rpO J._R 



I.R. rpo 1 rpo 



(5.37) 
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We now discuss a special case of the gauge transformations defined by ( ^.24 - 3.25 ). Let 
us clioose 

J2 J3 



where /2 is the solution of 



This means that 



and in particular 



$: = (5.39) 

J2 

/.[a— s— 4] /.[s— a] 

A„ , = 42 f2 (5.40) 

j.[-s-a] j,[s+a-4] ^ ' 

h h 



Ao,s = 'nt^s ■. ^l,s = Vs, A2,s = 1, X3,s = —, A4,s = } _ ■ (5.41) 



Vs Vs Vs 



After this gauge transformation we have 



^0,s — vtVs *s^25 — ^st^i, T2 J, — 1, T3 — t^^i, T4 — t^2- (5.42) 

This means that before the gauge transformation the components of T"^^ behave as 

r°,: 0{l,l,l,e'^,e'^) for a = 0, 1, 2, 3, 4, respectively, 
and after the gauge transformation we have 

f 0{e'^, e^, 1, 1, 1) for a = 0, 1, 2, 3, 4, respectively. 

Note that we have chosen the gauge transformation ( 5.41 ) such that in the new gauge 
the asymptotic solution is the mirror image (under the exchange of left and right) of the 
original. This implies (among other things) the above mirror symmetric 0(e) behaviour of 
the asymptotic solution in the two gauges. 

Here are the gauge functions corresponding to the lower Backlund levels: 

^o,s = — pr:;^ , a;l,5 = V'^^ U2,s = ip^ \ W3,s = , (5.43) 

uo,s = yi,s = V't'-^V'^l, ^2,s = V-t'-'V''"'', (5.44) 

po,s = V't'-^V^'+'V^'-'l, Pi,s = V-W^^-'V''"''- (5.45) 

The gauge functions u:a,s-, '^a,s, Pa,s correspond to the gauge transformation of the lower 
level T-functions ri^j for r = 3, 2, 1, respectively. 

So far we have constructed the asymptotic solution of the T-functions = Ta'^]° at 
the highest level of the Backlund hierarchy. We now proceed to the T-functions at lower 
levels. We start with F°g = T^}° . We assume the pattern 

F°,.: 0(1, 1, e, for a = 0, 1, 2, 3, respectively, 

which implies, using the formulae ( 5. 431 ) 

F°^: 0{e^,e, 1, 1) for a = 0, 1, 2, 3, respectively. 
The explanation of this behaviour is as follows. It is easy to see that the first two (a = 
0,1) Backlund equations are naturally solved by 0{1) F-functions since the T-functions 
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occurring in them are also 0(1). Similarly after gauge transformation the last two (a = 2, 3) 
F-components are naturally 0{1). Together with ( |5.43| ) they already fix the above pattern. 
According to this pattern the Backlund equations take the following asymptotic form: 





-1^0,3 


rpO+ TpO— 


rpO 


-1^1,3 


— ^2,3 ^l,s- 


rpO 


-1^2,3 


rj^O+ fpO— 
~ ''-3,3^2,3- 


rpO 


-1^3,3 


~ -^4,5 -^3,5- 



rpo 

3^1,3 + 1-1 



-1 + % 



(5.46) 
(5.47) 
(5.48) 
(5.49) 



and 



7-10+ 770 
-'o.s+i-^o.s 

TC3+1KS 

^2,3+1^2,3 

rpO+ fpO 
-'-3,3+1^3,3 



rpo TpO+ 

-'O.s-^O.s+l' 



rpo 7710+ , rpO+ rpo 

-'l.s-^l.s+l "T -'2,s -f^O,s+l' 

rpo T?0+ 
^2,3^2,3+1^ 

rpo f?0+ , rf^O+ f?0 

^3,3^3,3+1 + -^4,^ ^2,3 + 1- 



(5.50) 
(5.51) 

(5.52) 
(5.53) 



Here some 0(e) terms were omitted from ( |5.47| ) and (5.52) and then all equations are 
written in terms of 0(1) variables. Using the asymptotic solution ( 5.37| ) and (5.42) and 
also the identities ( |5l8D and ( pj] ) we find that the solution of ( |0^^^ ) and (|5]5^j5]5|) 
is given by 



Q,3 



R 



F? 



Tr 



F," 



L IL 



Ta^]°. We assume that 



Next we solve the asymptotic equations for G° 

0(1, e, £2) and (5° ,: 0{e'^,e,l) for a = 0,1,2, respectively. 
Using this pattern (and the previous one for F° we have 



770 /^O 
-f^l,s+l'-^0,s 

770 f^O 

^2,3+1^1,3 

770 f^O 
^3,3 + 1^2,3 



0,s+li 



770+^0— , 770 ^o 
^2,3 '-^l.s+l "T -^l,s'-^2,s+l) 

770+ /=(0— 

^3,3 ^2,s+l 



and 



(5.54) 



(5.55) 
(5.56) 
(5.57) 



Tpo+ r^o 
-^0,s+l*-^0,s 

770+ /~iO 
-'^2,5 + 1*^2,5 



-^0,s'-"0,s+l' 



770 ^0+ I TpO+f^O 

-'^l,s'-^l,S + l "T ^2,3 '-^0,5 + 1' 



770 (^0+ 
-^2,s'-^2,s+l- 



The solution of ( p5[]5^ and ([S^SSHS^ ) is 

1 



G\ 



0,3 



A 



R ' 



^[2-s] 

where the functions w and y are the solutions of 

Ar 



G 



2,3 



w 



w 



^R^R 



y -y 



Bl 



(5.58) 
(5.59) 
(5.60) 



(5.61) 



(5.62) 
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We note that (5.61) is actually an exact solution of the SU(2) T-system for Ta'f}" = G°g. 



Completed with 

A[s]r.[2-s] r[3-s] [s] 

they form an exact solution of the SU(2) Backlund system. The lowest level solution shows 
the following pattern. 

ri]]": 0{e,e^) and ti,^i°: 0{e'^,e) for a = 0, 1, respectively. 

5.3 Asymptotic solution for Y-functions and NLIE variables 

For completeness we here summarize the asymptotic solution for the gauge invariant ob- 
jects: Y-functions and NLIE variables for all Backlund levels. 

(3)o ^ rs+ivs-i (3)o ^ r+r- 

•^R "R -^R "R 

„(3)o _ ^(3)o _ 1 
y2,s — -'2,5 



(3)o ^ Is+lf^s-l ^(3)o 



(2)o ^ ^{2)o ^ 1 1 

(l)o _ 



J3)o _ + Pr ^(3)o _ /^fl 
''^sPl 

;,(3)o _ p+ Pl r(3)o _ . Pl 

L ' L L ' L 

[s+l] [s-1] 

-^R Pr -^r Pr 



[s+l] [s-1] 
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, {2)o _ (2)0 _ ( I , . 

, (2)o _ + „(2)o _ + ^[2-^] 

02,s - y[2_,] _ ' ^2,s - yl2-s] _ y[-s] ' 

,(2)o _ + (2)o ^ + 

7(2)0 _ n(2)o ^ 1 L 



= ^2° = 733^ (5-80) 





1] + 


y[l- 


s] _ y[3-^] ' 




+ 1] 




f 1] _ 



5.4 Identification of Q^^'"^") 

We will specify our building blocks Q^^'"^^ completely in two cases. We first discuss the 
case of a general (excited) state in the original, non-deformed model and later in a separete 
sub-subsection for the ground state of the 7-deformed model. 

The building blocks, in terms of which the asymptotic solutions are expressed are r^, 
Ar, Br, j3pi, w, is, Al, Bl, Pl, 1l and y. For each of the Bethe Ansatz solutions 
(either R or L) we thus need to know tg, A°, B", j3° and 7°. w° and y° can then be 
determined from the relations 

In terms of the 9 Q-functions Q^'^'™^ k,m = 0, 1, 2, the building blocks are expressed as 

n(2,o)++ r)(2.i)+ 
^° = |^, S" = Q(°'^)-, /3° = ii;-Q(°'^), r = i^^, (5.84) 



where E was defined in ( ^.16 ). It is also useful to know the building blocks as expressed 



in terms of the Bethe Ansatz solution of |15[] (see appendix B and []65| ): 



_4o^_^{0)|^ 1 po^E-Qt, (5.85) 

Up V 

B'^ = -gi0)^Q++9t^ ^o^E^l^. (5.86) 

ftp ^ -""P 

The expression of the T-system elements tg in terms of the same Bethe Ansatz functions 
is also given in appendix B. 

The combination necessary to calculate the function w becomes 



7°+7°- ^2 I g2(QiQ3)+ Q2(QiQ3)- i2p (giQs)- i^;^^(QlQ, 
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which, for the case of an even number of particles in the 51(2) sector, simphfies to 

A" 1 



{2Q - R^Bp - RpB^] . 



(5i 



Similarly we have 



/3°/3° 



Q_\ 



+ 



Q2 



B- 



Q2iQiQ3 



BpiQiQs)- B+{QiQ3 



(5.89) 



and for the case of an even number of particles in the s[(2) sector 



-^{2Q-i?pi?„-i?+Bp+}. 



(5.90) 



Using dpI) and (|^ for the case of the Konishi operator corresponding to two 
particles with rapidities ui = —U2 = lo and 



Xs \ UJ + - 

9 



-e 



r, 



we can explicitly solve ( ^.83 ): 



w°{u) = ^\{h-h*)[x - - ] + iguH + Wc 



y%u) = —\{h-h* 



X 



iguH + yc 



yiu), 



where 



H = A + hh* + 



CO 



(5.91) 

(5.92) 
(5.93) 

(5.94) 



and Wc, Vc are "integration" constants. (Only their sum enters the asymptotic expressions.) 
5.4.1 7-deformed constant solution 

We also give here the identification of the Q-functions in the case of the constant (vacuum) 
solution for the 7-deformed model. Following ref. |27], the right-wing part of the problem 
is charaterized by the constant q and the analogous left-wing part by the constant q. To 
distinguish it from the asymptotic solution discussed above (valid for arbitrary excited 
state in the undeformed model) the Q-functions for the deformed vacuum will be denoted 
by lower case q^^'"^\ For the right-wing case we have 



= 1, 
= So 

,(0,2) 



= 1 _ 

q — Jo, 



1 



where So is the solution of 



,(0,1) 



1 



(?(2-0) = (1 _ 

= So, 
J0,0) ^ 1 



(5.95) 



So — qSo 



(5.96) 
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The solution can be obtained from the results of ref. 

blocks are 



and 

^° = (1 - qf, 



f3° = E^ [1 



In this case the building 
(5.97) 

7° = E(l-g). (5.98) 



It is easy to solve ( 5.83 ): 

w°{u) -- 



{U + Wc), 



{u - Vc)- 



The asymptotic solution of the gauge invariant functions is as follows. 



(3)o (3)o 2 1 

Vl's = Vl's =s -I, 



s 

(3)o 



^(3)o _ ^(3)o _ 2 



2,,s 



(3)o 



1 1 



2'^ ^^S^{l-q)m-qY- 
qq 



(2)o _ y{2)o ^ _^[l-s 



„(2)o _ ^(2)o 
y2,s ~ ^2,s 



{l-q){l-q)- 
1 1 



(l)o 
Vl.s 



{s-A)is-2-A), 



(l)o 



where the constant A is a multiple of the sum of the arbitrary constants Wc and y, 



B 



(3)o 



'■2,3 



ui3)o _ 
"3,8 - 


- "l,s — 


4t = s, 




n(3)o 




r(3)o 
2,s 


= -?/;[-^ 


q<i 


sil-q)il-q) 


n(3)o 

2,s 


1 


1 




s(l-g)(l-(?)' 



(2)o 



(2)o 



, (2)o _ ,(2)o 



2,s 

7(2)0 
^2,s 



s-A (l-g)(l-g)' 
A - = Z^g° 



A + 1 - s, 



(2)o 



s _ A (1 - g)(l 



.(l)o _ ,(l)o 

"1,3 — 



. - 1 - A, = D[f 



s-A. 



(5.99) 

5.100) 
5.101) 

5.102) 

5.103) 
5.104) 

5.105) 
5.106) 

5.107) 
5.108) 

5.109) 

5.110) 
5.111) 

5.112) 



6. The horizontal SU(2) problem 



In this section we study the problem of finding the NLIE description of the TBA system 
corresponding to the right-wing nodes. (The problem of the left-wing nodes is completely 
analogous.) Our discussion of the Backlund transformation, the construction of the NLIE 
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variables and the NLIE functional equations and the asymptotic solution of these variables 
will be very similar to, but considerably simpler than, what has been discussed in the 
preceeding three sections. The construction here is based on |47l, [57| and [36|. 
We introduce the notation 



Y 



(+) 



X„ 



l + Xr. 



' m.\w — yi,m+l — Xm, 

These functions are of type {—m, m) and satisfy the SU(2) Y-system equations 



'^m'^m — -^m+l-^m—li ^ — 2, 3, ... . 



(6.1) 



(6.2) 



It is easy to construct the corresponding T-system as follows. It will turn out to be 
convenient to work in a gauge different from what has been used so far. In this gauge we 
start with the construction of the first two T- functions ri, T2 from 



m = 1,2. 



(6.3) 



The solution of this type of functional equations is the basic problem in the theory of TBA 
integral equations p3|. (See also the TBA lemmas of p^.) Next we define 



satisfying 



T"3 



X2 



2 -^2 



-^1 ^1 



Proceeding similarly we can construct for all m = 1,2,... satisfying 

Tin+lTm—l — ^rm ^ — 2, 3, ... , '^m'^m — -^rm — 1; 2, 

and also the T-system equations of the form 



m = 2, 3, 



(6.4) 



(6.5) 



(6.6) 



(6.7) 



The Tm functions constructed this way are of type (—1 — m,m + 1). The SU(2) T-system 
(|6.7|) is in the gauge 



1, 



(6.8) 



Next we consider the SU(2) Backlund transformations. Specifying (3.16) for o = 0, 1 
we get the two equations 



Tm+lfo,m — ''"rn/o,r?i+l ~^ fl,m+li fl,m — /l^m+l' 

The second one implies that there exists some function Q such that 
Similarly from 

fo,m = /o^m+l' ''"m+l/l.m = Tmft,m+1 + /o,m+l, 



(6.9) 

(6.10) 
(6.11) 
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which are the a = 0, 1 components of ( |3.17 ), it follows that with some function Q 

h,m = Q^~"'y (6.12) 

Rewriting ( |6.9D and ( 6.11| ) in terms of Q and Q, we have 



+ Q[m+1\ 



+r)[-™-2] 



+ Q 



[m+2] 



(6.13) 
(6.14) 



which form a variant of Baxter's famous TQ-relations. From these equations we find that 
Q is of type (0, 2m + 2) and Q is of type (—2m — 2, 0). Since m is arbitrary, Q is free of 
cuts in the entire upper half plane and Q is free of cuts in the lower half plane. 

Having found the solution of the Backlund system we can construct the NLIE variables 
in analogy to (4J) and (4.3): 



Q[m+2] 



-TrnQ 



m+2] 



Q[-m-2] 



(6.15) 



Q[m+2] ' Q[-m~2] 

Baxter's equations are equivalent to the relations 

BjYi 1 -|- byyi, Dyji 1 ~l~ <^m 

and the analogues of the NLIE functional equations (|4.7|), ( |4.1ClD are 



.16) 



Xri 



m+l- 



.17) 



The NLIE functions and are of type (— m — 2,m) and {—m,m + 2), respectively. 
We have "half-plane" relations in this case as well. We write the ratios 



Br, 



and 



and since 



dm 
Bm 



in jJ—rn—1] 



'^m [m] 



and 



Q 



++ 



(6.18) 
(6.19) 
(6.20) 



Q+ Q 

are of type (— oo, —1) and (0,oo), respectively, the second terms on the right hand side of 
the first and second equations 



dl^ = mJI^ * dl + dl , 

Bra -'^m+l 



dl- 



drr 



M^i^ ★ dl ■ 



X~ 



+ dl c[" 



5.21) 
5.22) 



m+l 
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do not contribute (after Fourier transformation) for negative and positive frequencies, re- 
spectively. M-[|'' was defined in section 4 and its Fourier transform is given by ([7.^). 

Next we discuss the asymptotic solution for the NLIE functions introduced above. We 
go back to the Bethe Ansatz solution discussed in the previous section and introduce the 
notation 

T^'^'^\a,s,u) = t{a,s,u), T^^^^'> (a, s,u) = f{a, s,u). (6.23) 
In this section we will make use the set of Backlund transformations ||6^ (similar to ( |3.16| - 



t{a + 1, s, u)f~^{a, s, u) — t~^{a, s, u)f{a + 1, s, u) 

— t~^{a + 1, s — 1, u)f{a, s + l,u) 



(6.24) 
(6.25) 



t~^{a, s + 1, u)f{a, s, u) — t{a, s, u)f^[a, s + l,u) 

- t+(a + 1, s, u)f{a - 1, s + 1, u) = 0. 
Using ( 6.24| ) for a = and ( |6.25| ) for a = 1 and the boundary relations 

t(0,m,u) = Q(2,2)[-m](^)^ (g_26) 

/(0,m,u) =Q(i'2)[— l(u), (6.27) 

t(2,m,n) = g(2,0)[m+2](^)Q(0,2)[-™-2](^)^ (g_28) 

/(I, m, u) = (n) Q(o.2)[-m-i] (g_29) 
we can identify the asymptotic solution of the building blocks r^, Q" and Q°: 

t(l,m + l,^) 

Here and below in this section the argument of all functions is u. The factors ki and k2 
are the solutions of the relations 

kik^ = ^^2,2)++ ' ^2 = Q*-^'^^^'''. (6.32) 

We now write down the asymptotic form of the NLIE functions. In these formulas we 
use the asymptotic T-functions in the (1,1) gauge used in the previous section. 

^ f+(l,m + l,n)Q(^-^)[i-HQ(i.2)[-3-H 

Q(l,0)[m+3]Q(0,2)[-3-m]Q(2,2)[-l-m] ' ^^-^'^^ 

^ f(l,m + 2,n)Q(i-^)[-i-H 

g(l,0)[m+3]Q{0,2)[-3-m] ' (,D.J4j 

^ f - (1, m + 1, n)Q(^'^)[-^-'"] Q(1.0)[r»+3] 

Q(2,0)[m+3]Q{l,2)[-3-m] ' ^^■'^^> 

^ f(l,m + 2,n)Q(2.2)[-i-HQ(i.0)bn+i] 

^™ g(2,0)[m+3]Q(l,2)[-3-m] ' ^^-^^l 
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We know that the right-wing part of the asymptotic solution, in particular the T- 
functions T{l,s,u) = t° ^{u) in the (1,1) gauge we are using are stained with several cuts 
close to the real axis. Most of these cuts are spurious and are not present in the gauge 
invariant Y- functions. This is also the case for the gauge invariant NLIE functions ( 6.15| ). 
We can see this by considering the "cut-free" representation of the building blocks. Using 
the definition 

Rp _ n+ 



we can write 



(6.37) 

Ti2,s,u)=Pj—^] , (6.38) 



where has cuts only at i|(s i 1) and 



T{l,s,u) = il-r—., (6.39) 



where il has cuts only at zty. The Y- functions are given by 

, _ f(l,m + 2,n)f(l,m,u) _ ^1+2*1 f RpV""^ (R 



r(2,m + l,n) C+i \RmJ \R, 



(6.40) 



which has cuts only at ib^ and ib(m -\-2)^. Similarly we have 

j^o ^ T'+(l,m-H,n)T'-(l,m-H,^) ^ ^In^+i^'^+i f Rp\ ^"V:^ ] (g 4^) 



r(2,m + l,n) t^+i \RmJ \R, 



We further define the functions Q^^'"^\ which have better analytic behaviour than the 
corresponding Q^^'"^\ We write 



g(2,2) 

„ , Q^^'^) has no cuts , 



g(l,2) ^ g{l,2) j^^g ^^^g Q^^y _^ /g_43N 

n++ g 

g(l,0) ^ ^fl^ g(l,0) i^j^g p^^g Q^iy 1^ (g 44) 

g{0,2) ^ g{0,2)^ g{0,2) ^^^^ ^^jy 1^ 3i ^ 



r){2,o) _ 

g(2,0) ^ 1^^^ g{2,0) j^^g p^^g Qj^iy _^ (g.4g) 

9 g 

Finally the "cut-free" representation of the NLIE functions is as follows. 

/o n+ ^(2,2)[l-m]5(l,2)[-3-»n] 

™ \RpJ g(l,0)[m+3]g(0,2)[-3-m]g(2,2)[-l-m]' ^ ' ^ 



5° = ^ (6.48) 

* g(l,0)[m+3]g(0,2)[-3-m] ^ ^ 
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2 \ H ^Q(2,2)[-l-m]g(l,0)[m+3] 



and 



RmJ J V^m/ g(2,0)[m+3]Q{l,2)[-3-m] 

DO = / (RA '"^""'T ^"^^ ^l+2Q^^'^^[-^--'Q^^'°^["+^J 

\\RmJ J V^m/ Q(2,0)[m+3]g(l,2)[-3-m] ' ^ ' ^ 

We end this section by giving the asymptotic solution corresponding to the deformed 
ground state using the building blocks ( |5.95| ). The T-functions in the (1,1) gauge are 

f (1, s,u) = l^ q-%1 - q^^), f (2, u) = ^1^. (6.51) 



1 + 



Further we have 



and 



-2m-2 _ 1 „-2m-2 
0^ — : 1^ , -D, 



1 9 ' m -I 9 

1 — 1 — q'^ 

J2 _ „2m+4 1 _ „2m+4 

(7° = 1 1 D° 



.53) 



1 — q'^ 1 — 

7. NLIE for the ground state 

In this section we will obtain the NLIE integral equations and thus reduce the system of 



integral equations to a finite set. We will transform the functional equations ( 4.15 -4.1 



into integral equations which together with ( 4.2C| ) form a complete set of NLIE integral 



equations equivalent to the TBA integral equations for the (a > 3 part of the) upper 
nodes. But we start by considering the analogous but much simpler (and already solved) 
problem corresponding to the right-wing (and left-wing) nodes. We will see that the two 
constructions proceed along very similar lines. 

In this paper we will consider the NLIE integral equations only up to source terms, 
i.e. the NLIE for the ground state problem. Although the addition of source terms is in 
principle straightforward, we leave the elaboration of the excited state problem to future 
work. 

Before we start the construction we fix some notations and conventions. We will denote 
the Fourier transform of the function f{u) by f{oj) and use the definition 

/oo 
d7xe-"/(n). (7.1) 
-oo 

In particular, the Fourier transform of a logarithmic derivative will be denoted by 

dlf{uj)= Tdne-"^. (7.2) 
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We note that if we introduce the shorthand notation 

UJ_ 

p = en (7.3) 

we can write 

/W(..)=pV» (7.4) 

and in particular 

f^iu) = pfiu), riu) = (7.5) 

We also note that if f{u) is analytic in the upper complex u plane then /(w) = for a; > 
and likewise if f{u) is analytic in the lower complex u plane then f{uj) = for a; < 0. 

7.1 NLIE integral equations for the right-wing nodes 

The NLIE integral equations for the one-dimensional SU(2) TBA chain are well known 
p5| , p^ , ^ ]. Here we will follow the construction in [^7| and [|6^]. We start by rewriting 
(6.17) in Fourier space as 

dlhm + dl dm = dl Xm, - dl Bjn + pdl Dm = dlXm+i- (7-6) 

P 

This has to be supplemented by the Fourier space version of (H^Tj) and (|6?2^ ). According 
to what we noted above, there is no contribution coming from the second term on the right 
hand side of ( 6.21| ) and ( |6.22 ) for negative and positive frequencies, respectively. For the 
first one we have 

dl bm — dl Bm = s{pdlXm — dlXm+i), P < ^, (7-7) 

where 

siu) = ^ = Mil\u) (7.8) 



and for the second 



dl dm - dl Dm = s{-dlXm - dlXm+i), p> 1. (7.9) 
P 



Eliminating dlXm+i from the equations we get 

dl Bm — dl Dm + p'^dl X„ 



dl bm — 1 I 2 



dl d„ 



l+p' 

" TTp^ ' 

p^dl Bm — P^dl Dm + P dl X„ 



p>l, (7.10) 



dl bm - — 2 



dl dn 



1+p^ 

p^dl Dm - P^dl Bm + dl Xr, 

1 +p2 



p<l. (7.11) 
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dl Xm+i is determined from 



dlXra+l = -dlBm+pdlDm- (7.12) 

P 



Having solved the problem in Fourier space we now return to rapidity space. In order 
that the kernels appearing in ( [7.1C1| ) and ( |7.11| ) can be transformed (back) to rapidity space, 
we have to shift the argument of the unknowns hm{u) and dm{u) in the imaginary direction. 
To emphasize that our unknowns in the NLIE integral equations are functions after these 
shifts, we introduce the notation 



(7.13) 



(7.14) 



hm{u) = fel^"! {u) = hm{u- , 5S„(n) = S]^"] (n) = B^{u- i- 

^m{u) = d^^}{u) = d„ [u + , D„(u) = Z)W(u) = Dm(^u + i'^ 

which corresponds to the Fourier space relations 

dlbm = P'"^ dlbm, dl^rn= P^"^ dlBm, 

dl dm = P^ dl dm, dl Dm = P^ dl Dm- 

Besides the basic TBA kernel function s(n), whose Fourier transform is given by ( [7.8]) the 
kernel H{u) with Fourier transform 

H{uj) = s{uj)e~^'f (7.15) 
enters the rapidity space version of the NLIE equations: 

dlhm = Hi.dmm- H^'^"^^ i.dlDm + s'^"''^ * dl Xm, (7.16) 
dldm = Hi^dlDm- *dmm + S^''"^' * dl Xm- (7.17) 

Since s{u) is analytic in the strip (—1,1) and H{u) in the strip (—2,2), the above NLIE 
equations are well defined if the parameter r/ is chosen in the range < r/ < 1. Integrating 
the equations once, we obtain the final form of the ground state NLIE equations for the 
right-wing nodes: 

\nbm = Hi.\n^m- ★ In + s'^"''' ★ In Xm + Chm, (7.18) 

hiDm = i?*lnD^-if[2''Uln5S„ + s[''-^UlnX„ + C(im, (7.19) 

where the integration constants Cbm, Cdm can be calculated using the large u asymptotics 
of the functions bm , f m and Xm ■ Finally we note that we are going to apply this construc- 
tion with a fixed value of m. Xm+i only appears in the equation for the node Xm in the 
form s -k\n.Xm+i- We can write this combination using ( |7.12| ) as 

s*lnX^+i = s[''"^Uln*B„ + s[^-''UlnD^. (7.20) 

Thus all Y-functions with index larger than Tfi are replaced by the two NLIE variables bm, 
13m and the set of integral equations for this truncated set is closed. 
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7.2 NLIE equations for the upper nodes 

In this subsection we derive the NLIE equations for the upper nodes. This will be done in 
the same spirit as in ref. |51|. The setting up of the equations is based on the same princi- 
ples, but the resulting set of equations (even the number of NLIE variables) is completely 
different. We start by rewriting the functional relations in terms of logarithmic derivatives 
in Fourier space. From (|4l^ ) we obtain 

dl bf^l + dl 



dl b. 



(3) 



7(3) 



From ( 4.14| ) we get 



dl 6^ + dl 45 
dlhf^^ + dldf^^ 
dl 6g + dl df^l 
dlb['} + dld['} 



dlb^^}+pdldf} 
dlbfl+pdldf^^ 
dlb^^,+pdldZ 



From ( 4.15| ) we get 



dl bl 



(3) 



dlBfl + dlofl+pdldf^ 



dlb. 



(3) 
'2,s 



dl Bi^l + dl D^^^ 



7(3) 



dl b\ 



(2) 



2,s ^-^^2,8 +Pdldl, 
dlBfl + dlofl+pdldf^ 



= dlY^% 




(7.21) 


= dlY^% 




(7.22) 


= dlYi'J, 




(7.23) 


= dlY}'J, 




(7.24) 


= dlYi'J, 




(7.25) 


= dlYll\ 




(7.26) 


- dlY^^^ 




(7.27) 


- dlY^^^ 




(7.28) 


- dlY^^^ 




(7.29) 


pdlD^^J +pdlBfl 


= dlY}^, 


(7.30) 


pdlD^^} +pdlBfl 


= dlY^% 


(7.31) 


pdio'il +pdlBfl 


=diYi:]. 


(7.32) 



Finally we have from ( [4.16 ) 



^dlB^^l+pdW'il+dl 5^^^ 



dl Bfl + dl d\^/^ - dl D'f^' = dl Y. 



7(3) 



(3) 



.(3) 



^dl b[^1 +pdlDfl + dl feg 



1 



-dlB^^l +pdl D)^' + +dld. 



(3) 



P 



7(3) 
2,s 



^dlBfl +pdlDfl + dl 6g 



dl B. 



dl D. 



dl B. 



(3) 
2,s 

(3) 
2,s 

(2) 
2,s 



dlY, 



(3) 



dlY, 



(3) 



dlY, 



3,s+V 
(2) 



(2) 



^dl B^^l +pdl Z)g + +dl - dl 

^dlB{]l+pdlD^^} + 



dlY, 



(2) 



2,s+l' 



dlY 



(1) 



The above set of equations has to be completed by the ones following from the "half- 
plane" relations ( [4.26| ). Here we have to use the "halfplane" properties of the boundary 
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ratios discussed in section 3 to obtain for p < 1 (oj < 0) 



(7.39) 



^{pdlY^^ - dlYj%,) + [pdlY^^ - dlY^^,)}, 

dlbf} - dlBf} = ^l—\T.{pdlYQ - dlY}%) + {pdlY^^ - dlYi%)}, (7.40) 

- dlB[]l = ^{pdlYff - dlYlX). (7.41) 
Similarly for p > 1 (a; > 0) 



dld^i} - dlD^^l = ^^{(S^ - l){ldlYi^ - dlYi%,) 



p 

J^i^dlYi"^ -dlYi%,) + {ldlYS -dlY}%^^^ 



(7.42) 



p ' ' p 

[^-dlY^^-dlY^l,) + C-, 



did?} - dlDfl = ^^^{n-dlY^'} - dlYi%,) + i-dlY^] - dlYi%,)], (7.43) 



dl - dl Dfl = h-dl y« - dl Y^%,). (7.44) 
Zj p 

Here 

T.=p+- = ^ (7.45) 
p s(w) 

~ (r) 

is used to express various components of the Fourier space kernels M^^ using the general 
formula 

~ cosh(A;- |a-5|)/i-cosh(A;-a-6)/i w 

Mab{^) = o ■ . , — T-r , ^ = - (7.46) 

2, smh fc/i smh ^ g 

with k = r + 1. 

Next we solve the set of equations (7.21- 774^ ) in the following sense. We want to 
write down equations, which (after going back to rapidity space) allow us to determine 
the unknown functions ba,l, d^l for r = 1,2,3, a = l,...,r in terms of Ya^s = ^i,?, 
a = 1, 2, 3, which serve as "input" from the TEA equations of the central nodes. We have 
6 + 3 + 3 + 6 + 3 = 21 equations (both for the p > 1 and for the p < 1 cases) for the 
6 + 6 unknowns and the 6 + 3 Y-functions (^^'^^i, r = 1,2,3 and Ya^J , r = 1,2), which 
have to be eliminated from the equations. We see that we have just the right number of 
equations that allow us to obtain the NLIE integral equations first in Fourier space and 
then in rapidity space. 

We note that the counting works similarly in the case of a general SU(/c) TEA system. 
From the functional equations ( [4.13| - 06| ) we get 

(2) + ('2 + ('2 + (2) = 2(A: - 1)^ 
equations, which, together with k — 1 "halfplane" relations form a total of {k — 1)(2A; — 1) 
equations. This number exatly matches the sum of the number of unknowns (2 x (2) = 
k{k — 1)) and the number of Y-functions to be eliminated ((2) + (^^2^) = {k — 1)^). 
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Solving for the unknowns in our case in Fourier space we obtain 
dm = tt i^^Bt'^ dlB^f,s + E E dWl^l + E (^"vtl' dlYa,s. 

p=l a' = l p=l a'=l a'=l 

p=l a'=l p=l a'=l a'=l 

(7.47) 

The matrices of Fourier space kernels KhB^ t^bD etc. are listed in appendix 0. 

(3) 

We still have to express Ya^s+i = YaJ+i ™ terms of the NLIE variables in order to close 
the set of equations for the central nodes. We achieve this goal by combining the Y-system 
equations for y^,* = Va^l with ( [T^^frSSD : 

dlya,s = sdl bSI- D(^}^ + s dlY^^,^, + sdl(^^ Igij . (7.48) 

V ^a+l,s ^a—l,s/ a+l,s a 

We understand that terms appearing on the RHS of ( 7.48 ) with a-type indices "out of 
range" (/ 1,2,3) must be omitted. 

In order to be able to transform the equations ( [7.47 ) back into rapidity space (where 
the kernel multiplications become convolutions), the Fourier form of the kernels should 
satisfy the following requirements: 

• they must be continuous at = 0, 

• they must tend to zero exponentially as a; — )• ±00. 

The to! = condition is to ensure that kernels decay as at infinity and we can check 
(by comparing the a; — )• ±0 limits of the representations valid for positive and negative 
frequencies) that it is satisfied by our kernels. 

The second requirement (which is necessary to ensure that the inverse Fourier transfor- 
mation exists) is not automatically satisfied for all matrix elements of the kernel matrices 
listed in appendix Fortunately the problem can be solved by a simple redefinition of the 
NLIE variables. It can be shown that if we redefine our NLIE functions by shifting their 
arguments appropriately: 

h'^liu) ^ b«(n) = h^:l{u + {i/g) (r - 3 + 7^''))), r = 1, 2, 3 a = 1, .., r 
^faW=4:Kn+ (V5)r?i^^), r= 1,2,3 a=l,..,r 

ya,sW) ^a,s{'^) = ya,siu + {i/g) €a), a= 1, 2, 3 

then the kernels entering the NLIE of these redefined variables do satisfy the requirements 
imposed above provided the shift parameters satisfy the inequalities: 

-l<l?<li''<e2<V?<V?<l, (7.49) 
4 < 7?^ < < r < V? < < < 1? < 7f < .3 < < I (7.50) 
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The NLIE for the new variables in rapidity space takes the form: 



3 P 



3 P 



InbS = E E (G^B)S^ln<), + + E (G.y)l:Uln2).,, 

p=l a'=l p=l a'=l a'=l 

p=l a'=l p=l a'=l a'=l 

(7.51) 

where we have used the notation ^bI^] = 1 + bi^l, dI^I = 1 + fi^], 2)a,s = 1 + t)a,s and 
the kernels are rapidity space representations of the appropriately modified Fourier kernels 
(IC.2HC.13D : 



(7.52) 



etc. The rapidity space version of ([7. 48]) in the new variables becomes 



+ s'^""''^-!! * In 



s(3) 



(3) 

a— l,s / 



+ s^'"Ulny„,_i + s 



ea-Ea-ll 



* In 



2)a-L 



(7.53) 



V2)a+l,J 

We note that ( |7.55 ) is well-defined since (|7l9| ) and (^) imply 

ea-7?^>0, ea-r/(3)<0, a = 1,2,3. 



(7.54) 



8. Linearized equations 

In this section we compute the leading (0(e^)) corrections to the asymptotic solution 
corresponding to the ground state of the 7-deformed model. These corrections have been 
calculated recently using the TBA equations. In this paper their contribution to the 
ground state energy was also calculated and it was found to be in agreement with the NLO 
Liischer formula. Here we calculate these corrections from the ground state NLIE and show 
that they are identical to the ones obtained from the TBA integral equations directly. This 
agreement is a useful analytical evidence of the equivalence of the two approaches. 

8.1 Linearization of the right-wing SU(2) problem 

We start with linearizing the NLIE equations corresponding to the right-wing nodes. Of 
course, the equivalence of the SU(2) type TBA equations with the corresponding NLIE 
equations is well known. Here we consider this problem not only for completeness but also 
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because the logic of the calculation in this case is similar to what we will follow in the 
technically much more complicated case of the upper nodes. 
We will write for any function / 



/ = r(i + /'^ + ...), 



where /° is the asymptotic limit of the function and f^^^ is the corresponding 0{e'^) cor- 
rection. With this notation 

dlj-^=W^' + --- (8.2) 
and for the corresponding F = 1 + / we have 



F° = 1 + r, 



dl- 



fW + 



(8.3) 



The NLIE integral equations of subsection 7.1 are based on the NLIE functional relations 
(6.17) and ( |6. 21 -3. 22). The same relations are also satisfied by the asymptotic limit of the 
NLIE functions and therefore the NLIE integral equations are also valid if written for the 
ratios of type f /f° (or equivalently in Fourier space for the differences of the logarithmic 
derivatives). Introducing the notations 



— '^m ! Jm — ; sm — 



and 



"m no 



d° 



5° 



Po = e s 



we can write the linearization of ( |7.10| - [7Tl| ) in Fourier space as 



and from ( 7.12 ) we have 



P 



We first solve 



(8.4) 
(8.5) 



dm=PoS{^m^m-S^f7n)+PS^m, fm = PoS{^mfm - ^^dm) + - S im (8.6) 

P 



(8.7) 



(p - Po^ViL 



{\-Po!i°jL 



'•m \ 



Im — I 



^+Po(i-/3^-5;^) 



then use the result in (8.7) and find 



R*^ -L ^ ( B° f)° — B° — ^° \ 



(8.9) 



Recalling the definition of g^-numbers 



q - l/q 



.10) 



-36- 



we rewrite the asymptotic limits ( |6.53| ) 

1 [m + l]q 

and analogously 



« = ii^, C = 5!^. (8.11) 



< = H,["! + 2|„ X° = ([m + 1],)^. (ai2) 

The recursion relation (B-9D becomes 



~ _ [m+1] [m+l],-^[m + 3] , 

We note that 

t~ _ _ < ^(1)' _ Hq I'm + 2]g (1), 

and using this relation it is easy to see that our result follows from eq. (4.68) of ref. |27|, 
which in our notation reads 

where the complicated constant is m- independent. 
8.2 Linearization of the upper Y-system 

We saw above that the final result of the NLIE linearization procedure is a recursion 
relation among 0{£'^) coefficients of TBA Y- functions. In the next subsection we will go 
through this procedure for the upper nodes and will show that they agree with the relations 
obtained directly from TBA. Although the latter problem has been solved in ref. |^], in 
this subsection we reproduce the derivation and present the relations in a form easily 
comparable to the NLIE results. 

We start here by recalling the upper node (SU(4) problem) Y-system equations: 

ytsyi,s = Yi,s+iYi,s-i^, (8.16) 

ytsy2,s = Y2,s+i Y2,s-i ^ y^, (8.17) 

ytsy3,s = Y3,s+iY,,s-if^. (8.18) 

The asymptotic solution^ can be recalled from subsection 5.4.1 

yls = yls = s'-i, yi°, = y3°, = .2, = ^^s^s = ^, (8-19) 

where 

^,^..(1-^)^(1-^^. (8.20) 



''(^.19) is an exact solution of the Y-system relations, it is only the relations Ya,s = 1 + J/a.s which are 
not exactly satisfied for a — 2. 
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The new feature of the asymptotic solution here is that for a = 2 it is Oil/e^) and for this 
reason if we introduce the 0{e^) coeflaecients Za^s, Za^g by 

ya,s = <.(1 + Za,s + ... ), Ya,s = ¥"^{1 + + . . . ) (8.21) 

we find 

a = 1,3: Za,s = Ts Za,s, rs = ^2 f-^-^^) 

and 

a = 2: Z2,s = Z2,s + ^s- (8.23) 
As in the previous subsection, the ratios 

-a,s = ^, X^,, = ^, (8.24) 



Va 



are exactly solving the Y-system equations, which can be rewritten as TBA integral equa- 
tions as follows. 

In = s ★ {In Xi^s+i + In ^i,s-i + In X2,s - In ^2,5}, (8.25) 
In X2,s = s * {In ^2,5+1 + In X2,s-i + In xi^g + In x^^s - In Xi^g - In ^3,s}, (8.26) 
In xs^s = s * {In ^3,5+1 + In X^^g-i + In X2,s - In X2,s}- (8.27) 

Going to Fourier space after linearizing the above system we get 

S Zi,s = Ts+l Zi,s+1 + Ts-l Zi,s-1 - (8.28) 
S Z2,s = Z2,s+1 + Z2,s-1 + + + (1 - rs){zi,s + Z3,s), (8-29) 

S Z3,s = Ts+l Z3,s+1 + Ts-l ^3,3-1 - (8-30) 

8.2.1 zi^s, Z3,s problem 

Since the linearized equations are separated, we first study the a = 1, 3 cases, which are of 
the form 

T,Zs = rs+iZs+i+rs-iZs-i-'^s- (8.31) 
Let us introduce a few building blocks in terms of which we will write the solution. 

^^s = spl-s- 2, 

= ^irT2) = ^{TVij " " ' (8.32) 



and further 



= a-s = Po' ^^^3^ [s{pi - 1) + 2] 



4 2 

fk = _!i)3 ^fe+2^fe+i^fc+i^ 5fe = (p2 J'j^^s Q'fc^fc+i^fc+i- (8-33) 
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We note that the quantities introduced above satisfy the fohowing identities. 



s-l 



= Vs+ias + rs-ias-2, 

s{s - 1) {pI - If 



s-2 



{s-2){s + l) 



The main observation that allows one to present the recursion relations in a simple 
form is that the second order difference equations ( J8.31| ) are equivalent to the first order 
difference equations 

, Zs+l 



a. 



Ois-l 



^.35) 



provided the new function hg satisfies 

rs+iagbs - rs-ias-2bs-i = ^s- (8.36) 

This can be easily shown using the identities (8.34), which are also useful to verify that 
the general solution of ( ^.36 ) is of the form 



Po 



a. 



as-i 



V r=l / 



.37) 



where A2 is an arbitrary "integration" constant. It is also easy to write down the general 
solution of ( 8.35| ): 



Po 



+1 



A' 



s-l 

2-Y,gr 

r=l 



i.38) 



containing an other arbitrary constant Ai. This is the general solution of ( |8.31| ), but we 
are interested in particular solutions satisfying the requirement lim^^oo = 0. This is a 
boundary condition (at infinity) and requires [27| 

00 

A2 = ^5r- 



(8.39) 



r=l 



(The other integration constant Ai remains arbitrary. It is a complicated expression that 
can be determined |27] from the coupling of the upper nodes to the rest of the AdS/CFT 
Y- functions.) 

For our purposes (comparison to the recursion relations coming from the linearized 
NLIE) the relations (|8^ ) are sufficient. After imposing the boundary condition they are 
uniquely determined and can be rewritten in the form 



Z 



l,s+l 



3,s+l 



where 
As 



rsUs-i s + l Ms-i ' 



Bs = Ts+lUshs 



AsZ^_s + Bs 



00 r—^ 
SPo Po 



Ms-1 



E 



s + l 



.40) 



(8.41) 
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8.2.2 Z2,s problem 

Having found the solution for Za,s for a = 1, 3 we now turn to ( |8.29| ), which we rewrite as 

(8.42) 



T,Z2,s = ^2,s+l + -^2,5-1 + 5]^'s + (1 - rs){zi^s + Z3,s)- 

Again, it is easy to verify that this is equivalent to the first order equation 
provided Vs satisfies 



{s + l)Ns- 



.43) 



V, 



1 

Po 



Vs-1 +[Po + 



1 

Po 



0. 



s-1 



^.44) 



Similarly to what we saw above for the a = 1, 3 cases, if we find a "good" solution D, 
(satisfying the boundary condition at infinity), the general solution for ( ^.44 ) will be 



(9) 



.45) 



where do is arbitrary, however, imposing the boundary condition requires do = again, 
making the "good" solution unique. The general solution of ( ^.431 ) for Z2^s contains a term 
CoP'o with arbitrary constant (o, but in the next section we will only need the relation ( 8.43| ) 
itself, which is unique. 

8.3 Linearization of the NLIE equations for the upper nodes 

Here again it is useful to start from the NLIE equations written for the ratios of functions 
divided by their asymptotic values. Let us introduce the shorthand notations^ 



bi. 
di. 



didQ-did!(^, 



Bi 



dlB. 
dlD 



n- — dl Y ,,, , , ,,, , 

The NLIE equations for these variables are of the same form as ( |7.47| ) 

j,w j,w j 

j,w j,w j 



(3) 



dlY 



{3)o 



Yi = dl Y 



(r) 
i,s 
(r) 
i,s 

(3) 



diBi:]", 

dlD^, 



.46) 



(8.47) 
(8.48) 
(8.49) 



The kernels occurring in (8.47) and ( p.48| ) are listed in appendix C. New kernels appear in 
( |09D . These can be calculated by substituting ( |07| ) and (|^) into (j7|33[|7|3|) . 



®Note that the index s is arbitrary, but fixed in our present considerations. To simplify the notation, s 
is omitted from most of our formulas. 
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Let us recall the asymptotic solutions found in subsection 5.4.1: 

C = C = 4? = dg" = s, (8.50) 

Blf = Bif = i^g'' = i^g'' = . + 1, (8.51) 

C = Bif = (8.52) 



= = (8.53) 



Here 



, (2)o _ „(2)o _ ^ P54^ 

^g'' = dg'' = A - Sg'' = i^g° = A + 1 - (8.55) 

^S"-^S°-(^3^' ^^■^^) 

^g'' = 4? = ^ - 1 - A, Si^)'' = D'il" = s-A. (8.57) 

Ci,, = (1 - q){l - g)^W, C2,, = J_, (8.58) 



Both functions are C(e) and 

*, = s2Ci,,C2,.~0(£2). (8.59) 

A serious complication as compared to the cases discussed so far is that some of the 
asymptotic solutions above are 0{l/e). This implies that the leading corrections to the 
asymptotic solution are (relatively) 0(e). We will call this order 1/2. We are interested in 
the corrections ©(e^) (order 1), which arc unfortunately NLO corrections in this expansion. 

(r) 

Let us denote our variables gcncrically by x and write X = 1 + x. {x = b^^, X = 

(r) \ ' 

B^J, etc.) Define the expansion coefficients by 

x = x°(l + x(V2)+a;(i) + ...), x(y^)^0{e), xW~0(£2), 

X = X°(l + x(V2)+x« + ...), x(V2)^o(£), X«~0(£2). ^^"^^^ 

The ratio Xc = x"/X" is a constant for those variables for which x° is 0{1) (constant) and 
Xc = 1 for the cases where x° is ©(l/e). Accordingly, 



x° ~ 0(1) : = x,x^'/'\ X(^) = 

x° ~ C»(l/£) : X(V2) = 1 + ^(1/2) ^ = ^(1) . 



^.61) 



Up to C(e2), 

dlx-dlx'' = x(V2) + ^(1) _ 5(2/2) ^ _ _ _ ^ ^(2/2) ^ ^(l/2)^(l/2)/_ (g_g2) 

Here we have used the Fourier transforms 

^W^y ^ ^(1/2)^ ^(1)/ ^ ^(1)^ a;(V2)^(i/2)/ ^ ^(2/2) (8 
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and we will use the analogously defined objects for X. 

After substituting the expansion ( ^.60 ) into the NLIE equations the problem can be 
solved order by order. We find it convenient to treat x^^/^^ as our independent variable at 
order 1/2 and write 

x° ~ 0{l) : X(V2) = ^^2,(1/2)^ _ . ^(1/2) ^ ^ ^ ^(1/2)^ (8_g4) 

while for order 1 we introduce the independent variable x^^™'^ and write 

^(1)/ _ ^(2/2) ^ ^ ^(1), _ ^(2/2) ^ ^(Im) ^ ^(Id) ^ (g^g^) 

where 





- l)x 


1 






\x° J 



x° ~ : x^-^ = -(-)+( ' ^^"^^^ 



Let us start at order 1/2 and introduce the shorthand notation 
f _ ^(0072)' p _ n'waTs)/ 



m 



s- A 



s- A- 1 



.67) 



and 

ci,s = C[,,. C2,s = Cf,. (8.68) 

At order 1/2 we have to make the substitutions 

^i,r ^ ^i^ri ^i^r ^ fi^ri ^i^r ^ -^i^r: -^i,r ^ -^i^ri Pi ^ (8.69) 

j.47[ )-( p^ ) and use the relations 



^1,3 — — — r ai,3> -^1,3 — — — r Ji,3> 
s + 1 s + 1 

-42,3 = 02,3 - SC2,s, -^2,3 = 72,3 " SCi^s, 

~ s ~ s ~ 

^3,3 = — --r 03,3, -^3,3 = — h,3, 
s + l ' ' s + 1 ' 



^2,2 - «2,2, 2 = /2 2 + (S - A)C1,„ 

~ S-A-1^ ~ s-A-l~ 

^1,1 — 7 ^1,1 — X 

s — A s — A 

We have to solve the set of linear equations obtained by these substitutions from ( 8.47] ) 
and ( |8.48| ) for the unknowns cij^j., fi^r- The source terms of the equations are proportional 
to ci^s or C2,s- These Fourier space source functions can be characterized by the following 
properties. 

ci ,,(a;)=0, uj > 0, C2,s(w) = 0, a; < (8.71) 
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ci,s(a;) = p'*ai(w), C2,s{(^) = P 0,2(0;). (8.72) 

The resulting solution is also proportional to ci^s, C2,s- We have 

{C2 a; > 0, 

(8.73) 
ci,s(w) < 0. 



Substituting the solution for di^r and fi^r into ( p. 49)) we find Yi = 0, as expected (to this 
order), since the expansion of the Y-functions starts at 0{e'^), order 1. 
We now turn to order 1. We make the substitutions 



4»-(*5?).(C')"""' '..^-('.'3)""" + (€)' 



(8.74) 



and 



(8.75) 

Recall that we treat the variables of type x^^'*") as our independent variables and solve 



.47) and (8.48) for them in terms of the sources: the variables Zj^s and the variables 



of type x^^'^\ This solution is then substituted into ( ^.49 ) and the result is that Zi^s+i is 
expressed in terms of the sources. Due to the linearity of the problem we can consider the 
two sources separately. 

First we solve the problem corresponding to the sources Zj^g. Substituting this part of 
the solution to (|^ we find that the homogeneous parts (terms proportional to As and 
Po, Cs) of ( p. 401 ) and ( 8.43 ) are reproduced. 

The case of the inhomogeneous terms is much more complicated. Here x^^"^) type 
terms act as sources for the solution. These are known from the order 1/2 solution. More 
precisely, the functions 

a.. = C^'/^\ kr = 4:I^^'' (8.76) 
can be considered as known from the order 1/2 solution, since the order 1/2 solution is 
given in terms of the Fourier transform of their derivatives: 

ai,r = a'-^, fi^^ = fl^. (8.77) 



The inhomogeneous case sources are given in terms of the functions ( p. 76 ): 

, (3)(ld) _ 1 „ f /o yox 

= (a2,3 - sC2,s){a2,3 - sC2,sy - 02,34,3, (8-79) 

C^''^ = -^«3,34,3, (8.80) 

ftgCi'i) = (^ai,2 + {s- A)C2,s-i){ai,2 + (s - A)C2,.-i)' - 01,20^2, (8-81) 

45^''^ = ^_^_i «2.24,2, (8.82) 



4!f = (8-83) 



1 
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and 



4?''^ = -J^/i,3/(,3, (8.84) 

d^ff'"^ = (/2,3 - sCi,,)(/2,3 - sCi,sy - /2,3/^,3, (8.85) 



d 



mild) 

3,s 



1 



S + 



Y/3,3/3,3, (8-86) 

d?i^''^ = ,^i_^ h,2fl2, (8.87) 

4?^'"^ = (/2,2 + (5 - A)Ci,3)(/2,2 + (S - A)Ci,,)' - /2,2/^,2, (8-88) 

4?''^ = (8-89) 



We have to compute the Fourier transform of the functions Hsted above. The generic 
structure of this calculation is as follows. Given the Fourier transform of the derivative of 
some function 

/oo 
dne^"'^ T'{u) = fp{co) + fmioo), (8.90) 
-co 

where 

fp{io) = 0, u<0, fm{^) = 0, uj>0, (8.91) 

find the Fourier transform 



In all cases 



/oo 
dne^"'^7"(n)jr'(tx). (8.92) 
-00 



/p(a;) ~ C2,s(w) ~ a2(w), /^(w) ~ 01,^(0;) ~ ai(a;). (8.93) 
J^2(w) is given by the integrals 

ioj dv / \ <■ / ibj du 

-7- / —( \Jpi.^)jpi.^ + / —( ^Jm[T^)jp[.^ -v), 0J> 0, 

4tt Jo u{oj - i/) ^ ^ 2ti J^^ u{uj ~ v) " 

Thanks to the linearity of the problem, it is sufficient to solve the problem for the inte- 
grands as sources, moreover for each type of integrand separately. We have four types of 
contributions: 

fpfp type terms ~ C2,s(z^)c2,s(w - z^)l 
fmfp type terms ~ ci,s(z/)c2,s(<^ - i/) J 



fmfm type terms ~ ci^s{'^)ci^s{u; - i^) 1 
fpfm type terms ~ 02,5(1^)01,5(0; -v)) 
We can introduce the notation for the fmfp part of the function G{u!) 



u>0, (8.95) 
a; < 0. (8.96) 



G{mp){^) = ^ !^ ^) ^(mp)(^' ^)C1A^)C2A^ ' ^) (8-97) 
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and similarly for ~ G^^^^{uj,v), etc. 

The formula for the Fourier transform of the derivative of ^ ^ has a similar structure: 





/■° dz^ 




27r 


/_oo - 


^) 








27r 


Jo ^{^ - 





■Cl,s(i^)c2,s(w - I^), W > 0, 

C2,s('^)ci,s(a; - z^), w < 0. 



(8.98) 



Let us concentrate on the s dependence of the integrand in the above formula: 



integrand of ^^(a;) 



Here we introduced the notation 



~ < 



P 



2 1 P^' 



ai{u)a2{oJ — u), > 0, 

a; < 0. 



•5 I ^ ) 02(1^)01 - V 



k = e3 . 



(8.99) 



^.100) 



Using the simple s-dependence of the integrand, the summation in ( 8.41| ) can be performed 
and we find for the corresponding integrands 



s{mp) 



B 



s(o) ) 



^.101) 



where 



B 



s{o) 



SPgkg 



:{pI[s{s-1)pX-2{s'-1)pX 



[{s - i)pi - s - m-pik^^r - ^ (8.102) 

+ s{s + 1)] - [s{s + 1)pX - Ms + 2)plkl + {s + l){s + 2)]} 

and ko = k. ■S^lp^) is given by the same formula, but with ko = 1/k. 

If we now solve the inhomogeneous part of the order 1 problem at the level of integrands 
and substitute the solution to ( |8.49 ) we find that all fpfp and fmfm type contributions 
vanish and the fmfp (w > 0) and fpfm < 0) contributions to and .^3,5+1 can 

be given by integrands that are precisely the same as ( ^.102|) . Analogously, the fmfp and 
fpfm type contributions to the integrand of .^2,s+i are of the form 



V 



where 
V 



simp) = ^s(o) with ko = k, 
Po^o 



V 



{I) 

'■{pm) 



with ko 



1/k, 



i.103) 



"l^oPo^^ f^oPo'S^ '^koPoS'^ k^Po^^ 



^(^s — 1)pI — s — — p'^k'^)^ 

- kyy - Ikyos' + sk^pis - ky + Akipy + 2kipis + 2kipy + 4kyy 

, 1 2 2 r22|43|42 4 4 n 2 2 n 2 3 o2 o il 

+ koPoS - koPo + PoS +PoS -PoS-Po-^PoS - 2poS - s - 3s -3s-lj 



and the coefficient functions satisfy the recursion relation 



'Ds-l(o) ( 1 
PoK V Po, 



2B 



s-l{o) 



(s-l)pok^o[is-l)pl 



1] 



0, 



(8.104) 



i.105) 
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which is equivalent to ( |8.44| ), taking into account the (po^o)^ factor in ci^sC2,s- Note that 
the arbitrary constant A is absent from the final formulas ( |8.102| ) and (8.104), which is an 
important check on the overall consistency of our results. 

9. Summary 

In this paper we derived an alternative finite NLIE description for the AdS/CFT spectral 
problem, which we call hybrid-NLIE. The term hybrid-NLIE was first used in fS^ referring 
to the property of the equations that semi-infinite parts of the infinite Y-system are re- 
summed by appropriate NLIE functions which are coupled to the rest (unsummed part) of 
the Y-functions. Our equations differ in various aspects from the recently published finite 



FiNLIE 1 61] formulation of the spectral problem. 

The main differences (apart from the obvious differences in the derivation as well as 
the construction of NLIE unknowns) are as follows: our NLIE is defined on the mirror 
sheet, while in ref. [|6ll ] also the "magic sheet" is important. Our equations have a more 
conventional form than those of ref. |6^] but at the price of having more variables than 
in the FiNLIE. The unknowns of [^l| are discontinuities along (short) cuts of the "magic 
sheet", while our unknowns are complex functions on the whole real line. In [^] the 



derivation is an appropriate generalization of the methods of |58], |5S] and it is based on 



the Wronskian solutions of the T-system [^T| , ||7^ on the "magic sheet" . In our derivation 



we remain on the mirror sheet and work in the spirit of [45|, the very first NLIE paper 
in the literature, and its generalizations , [^] , [p^] , where the NLIE originates from the 
TQ-relations of the integrable model under consideration. Here because of the involved 
nesting structure of the problem the derivation is based on a set of hierarchical Backlund 
equations of the corresponding T-system. 

The starting point of the derivation of the hybrid-NLIE was the quasi-local formulation 
of the mirror TEA . In this reformulation of the simplified mirror TEA equations two 
SU(2) and an SU(4) type semi-infinite sub Y-systems are coupled by the quasi-local TEA 
equations to the central Y-functions. Our approach to get the hybrid-NLIE description 
was to transform the SU(A^) type semi-infinite sub Y-systems into hybrid-NLIEs. This 
required to derive two SU(2) type and an SU(4) type hybrid-NLIEs. The SU(2) type hybrid- 
NLIEs have already been derived in [^6| , and in this paper we completed the derivation by 
constructing the missing SU(4) type hybrid-NLIE. The derivation of these hybrid-NLIEs 
proceeds in three steps: finding the proper set of unknown variables, the functional relations 
they satisfy and their analytic properties. 

To each semi-infinite SU(A^) type sub Y-system of the whole AdS/CFT Y-system, 
there corresponds an infinite SU(A^) type sub T-system. The rank (w.r.t. SU(A'')) of these 
sub T-systems can be reduced via subsequent Eacklund transformations, connecting the 
T-systems corresponding to neighboring levels of the nesting procedure. The unknown 
functions are constructed from the Eacklund equations corresponding to this nested hier- 
archy. Every unknown is a simple multiplicative expression composed of T-functions of 
neighboring levels and their inverses. This multiplicative structure allowed us to derive 
the functional relations connecting the NLIE unknowns and the Y-functions at each level 
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of the nesting. Another advantage of this construction is that analyticity information is 
available for the NLIE unknowns if the analytic properties of the T-functions are known 
at all levels of the nesting. 

The analyticity information on the nested T-functions consists of 2 pieces. First of all, 
in order to be able to derive the NLIE for a given state, we have to know the analyticity 
domains where the T-functions are free of discontinuities and are close to the asymptotic 
solution. Furthermore we need to know (qualitatively) the positions of their point-like 
singularities (poles and zeroes). The information on the analyticity domains were extracted 
from the known analyticity properties of Y-functions at the highest level of the nesting 
and the explicit construction of Backlund transformations allowed us to determine the 
analyticity domains at lower levels of the nesting as well. The qualitative information on 
point-like singularities is encoded in the asymptotic solution that was calculated in section 5 
for an arbitrary state in the undeformed model and for the ground state of the 7-deformed 
theory. 

The knowledge of the functional relations satisfied by the NLIE unknowns, of their an- 
alyticity domains together with their qualitative singularity structure given by the asymp- 
totic solution makes it possible to determine the form of the hybrid-NLIE of AdS/CFT 
for any excited state of the theory in a quite straightforward manner^. However, for our 
present purposes in this paper it was sufficient to give the explicit form of the hybrid-NLIE 
only for the simplest nontrivial state, namely the ground state of the 7-deformed theory. 
This state has non-zero energy, has the simplest singularity structure and therefore it is 
ideal for describing the structure of the hybrid-NLIE and to test it analytically in the large 
volume (small coupling) limit. 

The hybrid-NLIE equations can be grouped into four sets of equations. Three of them 
correspond to the left-wing and right-wing SU(2) type hybrid-sub-NLIEs and the SU(4) 
type hybrid-sub-NLIE. These three hybrid-sub-NLIEs are joined together to a closed set 
of equations by the fourth group of equations: the so-called central node quasi-local TBA 
equations. We list below all four groups of equations specified for the the ground state of 
the 7-deformed theory. 

The first two groups of equations are formed by the left and right wing SU(2) hybrid- 
sub-NLIEs. These equations tell us how the SU(2) NLIE functions couple to each other 
and the rest of the Y-functions. They are obtained from ( 7.18 , 7.19 ) with m = 1 to get the 
truncation with a minimal number of unknowns: 



In b 



(a) 



Hirln QSS"^ - //l-^"] * In + sl^-"! * In (1 + Y^^J) + Cb^^\ 



In t)S") = * In dS") - //[^r?] ^ In + st^-^l * In (1 + Y^l^J) + Cdf 

n- - 

- exp ifit^-iUln'sS"^ +s[i-''UlnDS")+ln 



a) 



Y 



'1 - 


1 -] 








1 - 


1 







a 



(9.1) 
(9.2) 

(9.3) 



''For excited states the hybrid-NLIE has to be supplemented by quantization conditions. The most 
important of these are the exact Bethe equations, but they pose no extra problem since only the central 
Y-functions appear in the formulas. 
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where the Fourier form of the kernel H{u) is given by ( p^) , < ry < 1 is a small shift 
parameter, and the + and — values of the index refer to the right and left wing SU(2) 
NLIEs, respectively. 

b["\ t)["^ together with constitute the set of unknowns of the SU(2) type hybrid- 

sub-NLIEs. We recah that «B^"^ = 1 + b[°'\ = 1 + d["\ The integration constants 
given in terms of the deformation parameters of the 7-deformed theory are as follows: 
Cd[~^^ = -Cb[^'^ = i^^L and Cd['^ = -Cb[~'^ = i^^L. 

The next group of equations form the upper SU(4) hybrid-NLIE. They are given by 
( 7.51 ) and ( 7.53| ) taken at s = 3: 

p=l a'=l p=l a'=l a'=l 

1-^2 = E E (G^b)S^ .ln^i??3 + 1: X: *lnDi?)3 + E (G.y)i:Uln2)., 3 

p=l a'=l p=l a'=l a'=l 

/ ^(3) \ 

lnt)a,3 = * ln«Bi^^ + s[^+^'^-''^''l * InSg + st^"-^»+i] * In I (9.4) 

\^a+l,3/ 



- In 



t)a+l,3 



Here the first two equations are for the 6 + 6 NLIE variables b^g and 0)^3, r = 1,2,3, 
a = 1, . . . , r and the kernels appearing here are given in appendix C. In the third equation 
Ya^2 are given by (3.14) taken at s = 2 and the additional variables are (t)i.3, t)2.3) 03.3) = 
(Y2^^J^'^^'^),1/yI'^'^\y^^2}'^^^). Here it is understood that terms with a-type indices "out of 

range" are omitted. Recall that 'B^'^^ = 1 + h'^'^ etc. 

The last group of equations is given by the central part of the quasi-local TBA equa- 
tions: 

lny2 = -s*lnn + ^j - st-^^l* In 2)2,3 + E I ^ + ) ^^'^^ 



lny/+i =s^-^iUln2)i,3-s*ln(l + y2)+ln^— ^is, (9.6) 

l_y(-) 

lny/|^i = s[-^3] ^1^2)3^3 _s^ln(l + y2) + In —is, (9.7) 

1 Yj_ 



1 - yi+) 



exp{-Li*Kiy-n{KQy)}, (9.8) 
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y(a)y(") 





l\vw 


|21n 


1 + y/r^ 

l\w 





(9.9) 



Inn = -L£^i + ^ 



In 



1 - y. 



(a) 



1 - y 

41 



(a) 



+^i*^;((2)+f^(^;i(2) 



(9.10) 



where J7(/Cq) is a linear functional of a vector kernel ICq given by ( |2.3D and depends also lin- 



early on the logarithmic expressions (U) of the central Y-functions: Yi,Y2, ¥^"1 , Y^^J , 



Y, 



(a) 



The explicit forms of the kernels of this group of equations are listed in appendix A. 

The ground state problem consists of these four sets of equations supplemented by 
requirements on the large u behavior, the boundary conditions ( |2.13| ) and ( 2.14 ). This 
problem turned out to be an ideal analytical testing ground for the correctness of the 
NLIE equations. In section 8 we have shown that the hybrid-NLIE results for the wrapping 
corrections up to 2nd order are in agreement with those of earlier TB A computations . 
The equations for excited states and their numerical solution will be discussed in a future 
publication. 
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A. Notations and TBA kernels 

In this paper we adopted the definitions and conventions of ref. |12]. For completeness, in 
this appendix we collect these definitions and give a list of all kernel functions used in the 
paper. 

We use the notation f^{u) = /(u it ^) for any function / and in general /^"^(u) = 
f{u + ^a). We will also use = w ^ ^ for w some parameter. 

Most of the kernels and also the asymptotic solution of the Y-system is expressed in 
terms of the function x(u): 

x{u) = -{u — i\l 4 — ti^), Imx(u) < 0, (A.l) 

which maps the u-plane with cuts [— oo, —2] U [2, oo] onto the physical region of the mirror 
theory, and the function Xgiu) 



x,(n) = | M +-^l--ij , |x,(n)|>l, (A.2) 



-49- 



which maps the u-plane with the short cut [—2,2] onto the physical region of the string 
theory. Both functions satisfy the identity x{u) + = u and they are related by x{u) = 
Xs{u), and x{u) = l/xs{u) in the lower and upper halves of the complex plane respectively. 

The momentum and the energy £q of a mirror Q-particle are expressed in terms 
of x{u) as follows 

i i ~ ^(^ ~ ■^Q) 

PQ = gx{u- -Q) - gx{u + -Q) +iQ , Sq = log | . (A.3) 

9 9 xyu -\- 

Two different types of convolutions appear in the quasi-local TBA equations. These are: 

/oo r2 
du f{u) }C{u,v) , fi)C{v)= / du f{u) )C{u,v) . 
-oo J-2 

In addition, we also use the standard definition for convolutions with kernel functions 
depending on rapidity differences only: 

/oo 
duk{v-u)f{u). (A.4) 
-oo 

This definition is convenient because it is equivalent to ordinary multiplication in Fourier 
space. It was used for example in ( [4.24| ) and also for the NLIE equations in section 7. 

The kernels and kernel vectors entering the mirror TBA equations can be grouped 
into two sets. The kernels from the first group are functions of only the difference of the 
rapidities, while kernels form the other group are not of difference type. 

We start with listing kernels depending on a single variable: 

2 



1 d 



Kmn{u) = ^ ^ \ogSMN{u) = Km+n{u) + Kn-m{u) + 2 ^ KN-M+2j{u) , 

M-1 

Smn{u) = Sm+n{u)Sn-m{u) SN-M+2j {uf = Snm{u) . (A.5) 

The fundamental building block of kernels which are not of difference type is: 

T^i \ ^ ^ Q( \ ^ V4 - f2 1 x{u)-x{v) 

K{u,v) = ——\ogS{u,v) = —^== , S{u,v) = -. (A.6) 

iTTl du iTTl ^JA — U — V X[U)X[V) — 1 

Using the kernels K(u,v) and Kq{u — v) it is possible to define a series of kernels which 
are connected to the fermionic y.^"'' -functions. They are: 

KQy{u, v) = K{u - -Q, v) - K(u + ^-Q, v) , (A.7) 

K^\u, v) = ^ [Kq{u -v)± KQyiu, v)) (A.8) 
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and 



KyQ{u, v) = K{u, v + ^Q)- K{u, V - ^Q), (A.9) 
Kfiu,v) = ^(^KyQiu,v)TKQ{u-v)). (A.IO) 



The kernels entering the right hand sides of ( p.llD ,( 2.12| ) are 



U,V 



and 



x{u - if) - x{v + if) x{u - if) - x{v - if) x{u + if) 
xiu + if) - x{v + if) x(n + if) - xiv - if) xiu - if) 
fr^ ^-^-i(Q-M + 2,) 
ii ^_„ + i(Q_M + 2j) 



i^£^(T.,^;) = ±-±logSZ''Au,v), 

_ x{u-i^)-x{v + if) x{u + i^)-x{v + if ) x{v-if) 



x{u - i^) - x{v - i— ) x{u + i^) - - i— ) x(f + i-^ ^ 

11 „_„+l(Af-Q + 2j) 

The equations for the momentum carrying node ( 2.12| ) contain the dressing phase, an 
important building block of the s[(2) S-matrix of the model It is of the form 

'^^(2)(^''^) = Sqm{u - v)'^ T.qm{u,v)~^ , (A. 13) 

where Tiqm is the improved dressing factor |71]. The corresponding s[(2) and dressing 
kernels are defined in the usual way 

KSI^)i^,v) = ±-±logSS^j^iu,v), K^m{u,v) = ±±logj:QMiu,v). (A.14) 

The asymptotic solution and the source terms in the excited state generalization of the 
TBA equations involve the s[(2) S-matrix analytically continued to the physical region in 
the first argument. 

Explicit expressions for the improved dressing factors T,qm{u,v) and Ei,j\/(m, u) can be 
found in section 6 of ref. [f7l| . 

In the quasi-local TBA formulation the vector SICq defined by ( |2.1| ) must be known. 
Since in the expression ( |2.3D and thus in the quasi-local TBA formulation 6JCq with Q > 2 
appear only, we list them for this set of the indexes. They are given by: 

5Kq = 0, 6KQy = 0, = 0, Q > 2, (A. 15) 

6{s * i^^Tx''') = Sq,2 si Kyi, 6K^^l^^ = -Sq,2 s, Q>2. (A. 16) 
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Using (|Al5| - [Al6|) and (U) all the ^{ICq) terms can be explicitly evaluated. The substi- 
tution of these expressions into the equations (^- 2.1^ ) completes the quasi-local form of 
the mirror TBA equations. 



B. Asymptotic solution 

The asymptotic solutions of the vertical SU(4) and the horizontal SU(2) parts of the T- 
hook were given at all levels of the nesting in section 5 and 6. The solution is built from 
the asymptotic Q-functions of the left (L) and right (R) SU(2|2) T-systems to which the 
T-hook T-system splits in the asymptotic limit. In this appendix we collect the T-functions 
and the basic building elements such as the Q-functions of the relevant SU(2|2) fat-hook 
solution [15|. We consider N magnon states with magnon rapidities uj and introduce the 
following functions: 

^mM = n^TT^' Bmiu) = ll , (B.l) 

RAn) = U"-^^^, B,iu) = Yl^kz^, (B.2) 

i=i i^j)-^ j=i (Xj)-^ 

where = Xs{uj i These functions satisfy the relation 

Rt,{u)B+{u) = R;{u)B-{u) = i-lfQiu), (B.3) 

with Q{u) = Y[f=i{'^ ~ '^j)- ■f'o^ general states auxiliary Bethe roots will also appear in 
the formulae. To take into account their contribution as well, we need to introduce the 
following functions: 

Ki , . Ki _L „. . Ki 



= n i?K-) = n^^7^' Qi{n) = \{{u-n,l / = 1,2,3, 

j=i ivw^ j=i ivijP j=i 

(B.4) 

where yij = x{uij) and they satisfy the relation 

Ri{u)Biiu) = i-lf^Qi{u), / = 1,2,3. (B.5) 

The sets {ti/,j}/=i,2,3 form the 3 family of Bethe roots corresponding to the 3 levels of 
the SU(2|2) nested Bethe Ansatz. Choosing the s[(2) grading for the reference state they 
satisfy the asymptotic SU(2|2) Bethe equations [|l5[: 



Q2 (^ij) Bpjuij) ^ ^ 

Qtiuij) Bm{uij) 

Qt^{u2,j) Qi{u2,j) Q^{u2,j) 
Q2'{u2,j) Qt{u2,j) Qt{u2,j) 

Q2i'^3,j) Rp{u3,j) ^ ^ 



j = l,..,Ki (B.6) 

-1, j = l,..,K2 (B.7) 
j = l,..,K3. (B.8) 
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Roughly speaking each type of Bethe root corresponds to a zero of a Q-function of the 
system. There are nine 

g(fc,m)|fc-0,i,2^ Q-functions in an SU(2|2) problem. They are not 
all independent, but connected by the so-called QQ-relations p^: 



Q(k,m) Q(A;+l,r?i+l)++ _ Q{k+l,m+l) Q{k,in)++ _ Q(k,m+1) Q{k+l,m)++ 

which express the fact that starting from different reference states in the Bethe ansatz 
description leads to the same final result for the eigenvalues of T- functions. 

The W quantum characteristic function and its inverse, are generators of the 
T-functions in the symmetric and antisymmetric representations respectively, 

CO oo 

^ = Y^tl[l-'^e''^\ W-i = ^^(-irtJ-^Je^'^^". (B.IO) 

s=0 a=0 

They were explicitly given in the s[(2) grading for the SU(2|2) asymptotic solution in [ |15| 
and can be expressed in terms of the Q^^'"^^ functions as follows: 



[ Q(2,2) Q(2,l) j Q(2,l) Q(l,l) j 

( _ Q(l.l)++ Q(0,1)- \ ' f _ Qim^^ Q(0.1)- 

\ Q(i,i) g{o,i) ) y Q(0,0) g(o,i) 



-1 



(B.ll) 



Comparing® the expression for W given in |15|, to ( iBTlD and using the QQ-relations ( |B.9| ) 
the 9 Q-functions of the SU(2|2) fat-hook can be obtained in the 5/(2) grading, namely as 
functions of the Bethe roots of equations (B.C-B.S). Using the function Q defined by 



0+ _ Rp 

the nine Q-functions take the form: 



(B.12) 



g{2,2) ^ (-l)^Q ^(2,1) ^ Ql g(2,0) ^ -J^^^^ Q\ ( Rp\^ ^ ^' 



P 



(B.13) 

g(0,0) ^ 1^ g(0,l) = Q+ Q(0,2) ^ _(_i)iV^(0)++g[4] i^^^ ^5) 

C^]^ -ftp 



^Fitting the conventions appropriately 
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where are J^^^^ and Q^'^^ are given by 

R. 

- + 

^3 



_^(0) 



Q3 Rp 



Q3 _|_ Q2 Qi^ 
Q2 Qt Q2 Qi 



Ql 

Rp Rp Q ^ 



(B.16) 



g{0) ^ _Q3_ ^ 
Q3 



( Q2 Q3 _|_ Q2 Ql 



Ql 



Bp Bp 



^. (B.17) 



'32 Q2 Ql 

Expanding the exphcit form of the T-functions corresponding to the antisymmetric 
representations can be obtained p^]: 



C 1 = (-1) 



Q[a+l] ^[a] 

+ e(a-2)^ 



+ 



Q[a— 1— 2n] 



B 



a-2-27i] 



.i ^ ^[a-2-2n] ^[a-2-2n] 

n=0 Vl 



a-2-2n] 



+ 



[a-2-2n] ' 



a-2-2n] 



ft 



(B.18) 



a-l 



-e(a-i) 



Q[a— 1— 2n] 



^— ' ^[a— 2— 2n] ^[a— 2n] 
n=0 ^^3 n;i 



^[a— 2n] ^[a~3— 2n] 

^[a-2-2n] ^[a-l-2n] 
, Wl H2 



+ 



^{a-2-2n\ ^[a+l-2n] ' 

V2 

^[a— 2n] ^[a— 1— 2n] 
Vs ^^2 



where Q(x) is the unitstep function such that G(0) = 1. The functions defined in (B.l), 
( |B.2 ), ( B.4D have their only discontinuities along the real line, and the B-type functions are 
analytical continuations of the R-type functions through the real cut line, this is why in 
spite of the seemingly complicated discontinuity structure of (B.18), it can be shown that 
t° ]^ is a (—a, a) function. 

The T-functions in the symmetric representations can be obtained by expanding W: 



1 



s~l jj[2j~s] 



n 



3 j=i -ftp 



^hs~l] ^[s+l] Rn 

^2 ^2 

Rv 



fc=0 



B' 



\ k=0 



Br' R 



nm_ \ ^ p 



k=l 



B' 



(B.19) 



k=l 



where 



s,k 



Q\ 



[2k- 



Qf- 



H2 ^2 



(B.20) 



Finally the form of the T-functions in the (1, 1) gauge on the interior boundaries of the 
fat-hook can be read off from the boundary conditions (5.3-x^), ( ^.10 -5.15) and using 
( |Bl3| ),( |Bl5D their form can be given explicitly: 



'^a,2 



WO) ^ ( C{0) EjR. r)[2] Q3 \ 

RpQ^-^-^Q^J V Rt^ Qt) 



j-(o) Ql 

Rm Q3 




s-l ^[2k+l-s] 
Urn 



p[2fc+l-s] 

k=l 



a > 2 



s > 2. 



(B.21) 
(B.22) 
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In the treatment of the horizontal SU(2) wing of the problem the T-functions were 
used in a "cut-free" gauge. Their relation to the (1, 1) gauge expressions ( plgp and 
is given by: 

P. = tM n ffe^ . '1 = I n Sjnrj I ■ (B.23) 

j=l 

It can be seen from the above explicit formulas that t]. are (— s,s) functions and tl are of 
type (1 - s,s - 1). 

In order to complete the asymptotic solution of AdS / CFT we should discuss the asymp- 
totic behavior of massive Y-functions. The asymptotic solution for the massive nodes on 
the AdS/CFT Y-system is given by 

ya,0 = r/at^lta,l, (B.24) 

where the prefactor is a solution of the discrete Laplace equation and takes the form: 

ria=[-j-A -Da^ (B.25) 



with 

-D3,L-D3,R ,7, ^^^"^ > 



The parameter Jgjj is an effective length composed of the J-charge and the numbers of 
the auxiliary Bethe roots by the formula Jg/ f = J + ^i.l+^3,-r ^i.a _ factor Di is 
the product of the dressing phases of fundamental magnons in the mirror-physical channel 

N 

The analytical properties of the dressing phase and the asymptotic T-functions imply 
that the y° q functions are of type (—a, a) and they decay with a high power of u at infinity 

The requirement that on the physical sheet 1 + q ^^ro at the positions of magnon 
rapidities leads to the Beisert-Staudacher asymptotic Bethe equations [^: 



^Y'"' R3,L B^R R3,B 

- j '^sl(2) p+ „+ p+ „+ 
•^s / ^1,L -°3,L ^1,R -°3,iJ 



k = l,..,N, (B.27) 



where for short we introduced the notation 

N 

S,i(2)(^^) = n4{2)(^'%) (B-28) 
for the dressing factor in the physical-physical region. 
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C. NLIE kernels 



A ^ (r) (r) 

All the kernels appearing in the equations (|7.47D for bajs and da,s are composed as sums of 
their negative and positive frequency parts. For instance in Fourier space: 



^?'(+)^M 



{t^i)B^)^aa'^ (i^) are the positive and negative frequency parts respectively and Q{uj) is the 
Heaviside function. 

Here we list below the negative and positive frequency parts of the kernels. Recall that 
p = 63 and introduce two important functions that eliminate the denominator parts of the 
kernels. 

1 ~ . . 1 



l + 2p^+ p^ 



(J > 0, 



N-{p) 



1 + 2p-^ + p 



1-8 



uj <0. 



(C.l) 



Then the kernels KbBi -^feD) K^b, K^d in ( |7.47| ) are arranged into 6x6 matrices by 

identifying the 6 index pairs (a, T)r=i,...,3,a=i,..,r to the indexes of the 6x6 matrices as 

follows: (1,3) ^ 1, (2,3) ^ 2, (3,3) ^ 3, (1,2) 4, (2,2) ^ 5, (1,1) ^ 6. 

Based on the same identification the kernels i^^y, K^y are repre sented as 6 x 3 matrices. 

Then the positive and negative parts of the kernels in ( 7.47| ) take the form in Fourier 
space as follows: 



■A+) 



P + P 
4 2 
P - P 
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It can be seen from the Fourier representations ( C.2| - C.l"3[ ),( |7.52| ) that the rapidity 
space representations of ah matrix elements of the kernels in ( |7.51| ) can be expressed as 
linear combinations of the two denominator functions N±(u) with appropriately shifted 
arguments. For example let us consider the upper left corner matrix elements in ( p.2| , C.3| ). 
They correspond to {GbBjn (^) yield the expressions in rapidity space as follows: 

{GbB)fi\n) = {K,b)?i\u) = N+{u) - 7V+(n + + N.{u) - N_{u - j), (C.14) 

where N±{u) are given as inverse Fourier transforms of N-i-{e^^^): 
roo J rli ) 



27r -V - V ^ 27r 

(C.15) 

and can be expressed in terms of the incomplete beta function^ Bz{a, b) as follows. Denote 
by oi, 02, as, 04 the four zeroes of the denominator polynomial I + 2x + x^. They take the 
form: 
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3 3\/3^/33- 17 6 V J ' 

Then N-^-{u) = N^{—u) is given by: 

„ a7'-^^^Xi(f^ + l,0) , a-'"^^'"5a, (f^ + 1,0 



47r (ai — a2){ai — a3){ai - 04) in (ai — a2)(a2 — a3)(a2 — 0.4) 
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